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district  of  Pennsylvania ,  to  xvit : 

BE  IT  REMEMBERED,  that  on  the  eighteenth  day  of 
May,  in  the  thirty -third  year  of  the  Independence  of  the  United 
States  of  America,  A.  D.  1809,  Kimber  &  Conrad,  of  the  said 
District,  have  deposited  in  this  office,  the  title  of  a  book,  the 
right  whereof  they  claim  as  proprietors,  in  the  words  following, 
to  wit : 

u  L lenient s  of  the  Conic  Sections.  By  the  late  Dr.  Robert 
«  Sims  on )  Professor  of  Mathematics  in  the  University  oj 
a  Glasgow.  Translated,  from  the  Latin  Original .  Care - 
“ fully  revised ,  corrected  and  enlarged  ” 

In  conformity  to  the  act  of  the  Congress  of  the  United  States, 
entitled,  “  An  act  for  the  encouragement  of  learning,  by  secur¬ 
ing  the  copies  of  maps,  charts,  and  books,  to  the  authors  and 
proprietors  of  such  copies  during  the  times  therein  mention¬ 
ed.”  And  also  to  the  act,  entitled  “  an  act  supplementary  to  an 
act,  entitled,  “  an  act  for  the  encouragement  of  learning,  by  se¬ 
curing  the  copies  of  maps,  charts,  and  books,  to  the  authors  and 
proprietors  of  such  copies  during  the  time  therein  mentioned,” 
and  extending  the  benefits  thereof  to  the  arts  of  designing,  en¬ 
graving,  and  etching  historical  and  other  prints.” 

D.  CALDWELL, 
Clerk  of  the  District  of  Pennsylvania, 


M/rd.- 
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advertisement. 


“  THE  first  three  books  of  Dr.  Simson’s 
Treatise  of  the  Conic  Sections  are  translated 
into  English,  with  a  view  to  facilitate  the  study 
of  the  higher  geometry.  These  books  contain  as 
much  of  the  doctrine  as  usually  enters  into  an 
academical  education.” 

This  edition  has  received  a  careful  revision: 
some  omissions  have  been  supplied,  several  errors 
corrected,  and  a  few  propositions,  which  frequent¬ 
ly  apply  to  physical  inquiries,  introduced.  And 
to  exhibit  the  work  nearly  as  left  by  its  author, 
the  added  propositions  are  distinguished  by  letters 
bf  the  alphabet. 
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ELEMENTS 


OF 

THE  CONIC  SECTIONS. 


BOOK  I. 


OF  THE  PARABOLA. 


DEFINITIONS. 

I.  A  STRAIGHT  line  AB  (fig  1.)  and  C  a  point 
without  it,  are  given  in  position.  On  the  plane  of  ABC, 
there  is  placed  a  rectangular  ruler  DEF,  having  its 
side  DE  applied  to  AB,  and  its  other  side  EF  on  the 
same  side  of  AB  with  the  point  C.  A  string  FGC  is 
taken  equal  in  length  to  EF  :  and  one  end  of  this  string 
being  fixed  in  F,  and  the  other  in  C,  a  part  of  it  FG  is, 
by  means  of  a  pin  G,  brought  close  to  the  side  FE  of  the 
ruler ;  then,  the  string  being  kept  uniformly  tense  by  the 
pin,  the  side  DE  of  the  ruler  is  moved  along  AB  :  and 
thus  the  point  of  the  pin,  as  it  moves  onwards  with  the 
ruler,  describes  upon  the  plane  a  line,  named  the  Para¬ 
bola.  This  line  may  be  extended  to  a  distance  from  the 
point  C,  exceeding  any  given  distance,  provided  the  length 
of  the  side  FE  of  the  ruler  employed,  be  greater  than  that 
given  distance. 
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II.  The  strait  line  AB  is  named  the  directrix. 

III.  And  the  point  C  is  named  the  focus  of  the  parabola. 

IV.  A  straight  line  perpendicular  to  the  directrix,  is 
named  a  diameter ;  and  the  point  where  a  diameter 
meets  the  parabola,  is  named  the  vertex  of  that  diameter  ; 
and  the  diameter  which  passes  through  the  focus,  is  nam¬ 
ed  the  axis  of  the  parabola  ;  and  the  vertex  of  the  axis  is 
named  the  principal  vertex. 

V.  When  a  straight  line  terminated  both  ways  by  a 
parabola,  is  bisected  by  a  diameter,  it  is  said  to  be  ordi- 
nately  applied  to  that  diameter  ;  or,  it  is  named,  simply, 
an  ordinate*  to  that  diameter,  and  the  segment  of  the  dia¬ 
meter  intercepted  betwixt  the  vertex  and  the  ordinate  is 
called  the  abscissa. 

VI.  A  straight  line  quadruple  of  that  segment  of  a 
diameter  which  is  intercepted  between  its  vertex  and  the 
directrix,  is  named  the  latus  rectum ,  or  the  parameter  of 
that  diameter. 

VII.  A  straight  line  meeting  a  parabola  only  in  one 
point,  and  which,  when  produced  both  ways,  falls  without 
the  parabola,  is  said  to  touch  the  parabola  in  that  point. 

PROPOSITION  I.  THEOREM. 

A  straight  line  drawn  perpendicular  to  the  directrix 
from  any  point  of  a  parabola,  is  equal  to  the  straight 
line  drawn  to  the  focus  from  that  same  point. 

*  See  note  on  definition  8,  book  second. 
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Let  G  be  a  point  in  the  parabola  (fig.  1.)  and  GE  a 
straightline  perpendicular  to  the  directrix  AB  ;  drawGC 
to  the  focus  C,  and  let  EF  be  equal  to  the  length  of  that 
side  the  ruler  which  is  on  the  same  side  of  AB  with  the 
focus  C  :  therefore  EF  is  equal  to  the  length  of  the  string 
FGC:  take  away  the  common  part  FG,  and  the  remain¬ 
der  EG  will  be  equal  to  the  remainder  GC. 

v 

Corollary.  Hence  that  segment  of  the  axis,  which  is 
intercepted  between  the  focus  and  the  directrix  is  bisect¬ 
ed  in  the  vertex  of  the  axis.  Thus  CB  is  bisected  in  H. 

PROP.  II.  THEOR. 

i  . 

If  the  distance  of  any  point  from  the  focus  of  a  para¬ 
bola  be  equal  to  the  perpendicular  drawn  from  the 
same  point  to  the  directrix,  that  point  is  in  the  pa<- 
rabola. 

Let  there  be  a  parabola  (fig.  1.  n.  2.)  the  directrix  of 
which  is  AB,  and  the  focus  C  ;  and  let  D  be  a  point, 
the  distance  of  which  from  the  focus  is  the  straight  line 
DC  ;  from  D  draw  DE  perpendicular  to  the  directrix* 
If  DC  be  equal  to  DE,  the  point  D  is  in  the  parabola. 

From  the  centre  C,  at  the  distance  CD,  describe  a  cir¬ 
cle,  meeting  the  axis  in  the  point  F :  let  H  be  the  vertex 
of  the  axis,  and  join  CE  :  then,  because  any  two  sides  ol 
a  triangle  are  together  greater  (20.  1.  Elements  of  Euclid) 
than  the  third  side,  CD,  DE  are  together  greater  than 
CE  ;  much  more,  then,  are  they  together  (19.  l.Elem.) 
greater  than  CB:  but  CD  is  equal  to  DE,  as  also  CH 
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(cor,  1.1.)  to  HB  :  therefore  CD,  that  is,  CF,  is  great¬ 
er  than  CH :  the  parabola,  therefore,  with  respect  to  its 
vertex  H,  is  within  the  circle  GDF:  of  consequence  it 
must  meet  the  circle  somewhere,  since  it  may  be  extend¬ 
ed  (def.  1.)  to  a  distance  from  the  focus  C  which  shall 
exceed  any  given  distance.  Now  it  meets  the  circle  in 
the  point  D  ;  for  if  this  is  not  true,  it  must  meet  the 
circle  in  some  other  point.  Let,  then,  the  point  L,  which 
is  on  the  same  side  of  the  axis  with  the  point  D  be  that 
other  point ;  then,  having  joined  CL,  draw  LM  perpen¬ 
dicular  to  the  directrix,  and  LN  parallel  to  the  same : 
and  let  LN  meet  DE  in  N ;  and,  because  the  point  L  is 
in  the  parabola,  CL  is  (1.  1.)  equal  to  LM  ;  and,  accord¬ 
ing  to  the  hypothesis,  CD  is  equal  to  DE  ;  and,  C  be¬ 
ing  the  centre  of  the  circle,  CL  is  equal  to  CD :  there¬ 
fore  LM,  that  is,  NE,  is  equal  to  DE;  which  is  impossi¬ 
ble  :  the  parabola,  therefore,  meets  not  the  circle  in  the 
point  L,  nor  any  where  but  in  D  :  therefore  D  is  a  point 
in  the  parabola. 

PROP,  III.  THEOR. 

Any  straight  line  drawn  through  the  focus  meets  the 
parabola;  and  a  straight  line  drawn  from  any  point 
within  a  parabola  to  the  focus,  is  less  than  the  per¬ 
pendicular  drawn  from  that  point  to  the  direc¬ 
trix.  A  straight  line,  on  the  other  hand,  drawn 
from  any  point  without  a  parabola  to  the  focus 
is  greater  than  the  perpendicular  drawn  front  that 
point  to  the  directrix. 
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Let  there  be  a  parabola  (fig.  1.)  the  directrix  of  which 
is  AB,  and  the  point  C  the  focus  ;  any  straight  line  drawn 
through  C  meets  that  parabola. 

First,  if  CB,  a  straight  line  drawn  through  the  focus, 
be  perpendicular  to  the  directrix,  the  point  H,  bisecting 
(cor.  1.  1.)  the  segment,  intercepted  between  the  focus 
and  the  directrix,  is  in  the  (2.  1.)  parabola:  but  if  any 
other  straight  line  CP  be  drawn  through  the  focus,  bisect 
the  angle  BCP  by  the  straight  line-GM,  and  let  CM  meet 
the  directrix  in  M,  and  draw  MN  parallel  to  the  axis 
BC :  then,  because  the  angles  PCM,  CMN  are  together 
less  than  two  right  angles,  for  each  of  them  is  less  than 
one  right  angle,  the  straight  lines  CP,  MN  meet  each 
other;  let  them  meet  in  the  point  O,  then  the  angle 
OCM  is  equal  to  the  angle  CMO  ;  for  each  of  the  two  is 
equal  to  (29.  1.  Elem.)  BCM  ;  of  consequence  ©M  is 
(6.  1.  Elem.)  equal  to  OC  :  therefore  the  point  0  is  in 
(2.  1.)  the  parabola. 

To  proceed  to  demonstrate  the  other  part  of  the  propo? 
sition.  First,  let  there  be  any  point  K  within  the  para¬ 
bola,  that  is,  let  it  be  on  the  sa  ne  side  of  it  with  the  focus 
C,  and  draw  KL  at  right  angles  to  the  directrix ;  draw 
likewise  KC  to  the  focus  ;  KC  is  less  than  KL.  Let  CK 
meet  the  parabola  in  O,  and  let  there  be  drawn  to  the  di¬ 
rectrix  the  straight  line  OM  parallel  to  KL,  and  let  OL 
be  joined.  Since,  then,  the  point  O  is  in  the  parabola, 
OC  is  equal  to  OM  ;  but  OM  is  (19*  1.  Elem.)  less  than 
OL  ;  much  more,  therefore,  is  OM,  or  0C  less  than 
(20.  1.  Elem.)  OK  and  KL  together.  Take  away  the 
common  part  OK,  and  the  remainder  K.C  is  less  than  the 
remainder  KL. 
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Next,  let  the  point  Q  be  without  the  parabola,  and 
draw  Q  R  at  right  angles  to  the  directrix:  QC  drawn  to 
the  focus  is  greater  than  QR.  Let  QC  meet  the  para¬ 
bola  in  O,  and  draw  OM  parallel  to  QR,  and  join  QM. 
Therefore,  because  CO  is  equal  to  OM,  CQ  is  equal  to 
MO  together  with  OQ  ;  but  MO  together  with  OQ,  is 
greater  than  QM  ;  much  more,  then,  are  they  greater 
than  QR.  QC  is,  therefore,  greater  than  QR. 

Cor.  Hence  it  is  evident,  that  any  point  is  within  or 
without  a  parabola,  according  as  the  distance  of  that 
point  from  the  focus  is  less  or  greater  than  a  perpendicu¬ 
lar  drawn  from  that  same  point  to  the  directrix. 

PROP.  IV.  THEOR. 

A  perpendicular  to  the  directrix  meets  the  parabola 
only  in  one  point;  and  when  produced  down¬ 
wards,  it  falls  within  the  parabola. 

Let  MT  (fig.  1.)  be  perpendicular  to  the  directrix  AB  ; 
draw  MC  to  the  focus  ;  let  CO  be  drawn,  making  the 
angle  MCO  equal  to  CMO,  and  meeting  MT  in  O; 
OM  is  consequently  equal  to  OC  ;  and  therefore  the 
point  O  is  in  (2.  1.)  the  parabola. 

Next  take  any  point  T  in  MO  produced,  and  join  TC  : 
since,  then,  the  angle  MCT  is  greater  than  MCO,  that  is, 
than  the  angle  CMT,  TM  is  greater  than  TC  :  the  point 
T,  therefore,  is  within  (cor.  3.  1.)  the  parabola.  In  like 
manner  it  may  be  demonstrated,  that  any  point  above  0 
in  the  straight  line  MO  is  without  the  parabola. 
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PROP.  V.  THEOR. 

If  from  a  point  in  a  parabola  a  straight  line  be  drawn 
to  the  focus,  and  if  from  the  same  point  a  straight 
line  be  drawn  perpendicular  to  the  directrix ;  the 
straight  line  which  bisects  the  angle  contained  by 
these  two  straight  lines,  touches  the  parabola  in  the 
said  point.  Also  a  straight  line  drawn  through  the 
vertex  of  the  axis  at  right  angles  to  the  axis, 
touches  the  parabola. 

1.  D  being  a  point  in  a  parabola  (fig.  2.)  and  DC 
drawn  from  D  to  the  focus,  and  DA  drawn  perpendicu¬ 
lar  to  the  directrix  AB  ;  DE,  that  bisects  the  angle  CD  A? 
touches  the  parabola  in  the  point  D. 

In  DE  take  any  other  point  F  ;  and  having  joined  FA, 
FC,  AC,  draw  FG  perpendicular  to  the  directrix;  then, 
because  DA  is  equal  (1.  1.)  to  DC,  DF  common,  and 
the  angle  FDA  equal  to  FDC ;  FC  is  equal  (4.  1. 
Elem.)  to  FA;  and,  consequently,  greater  than  FG  : 
therefore  the  point  F  is  without  the  (cor.  3.  1.)  parabola  ; 
and,  consequently,  the  straight  line  DE  touches  the  para¬ 
bola  (def.  7.)  in  the  point  D. 

2.  HK,  Fig.  2.  a  straight  line  drawn  through  the  ver¬ 
tex  of  the  axis,  and  made  perpendicular  to  the  axis, 
touches  the  parabola.  In  HK  take  any  point  K  ;  from 
which  draw  KL  perpendicular  to  the  directrix ;  and  join 
KC  :  and,  because  KC  is  greater  (19.  1.  Elem.)  than  CH, 
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that  is,  than  (cor.  1.  1.)  HB,  that  is,  than  KL,  KC  is 
greater  than  KL  :  therefore  the  point  K  is  without  the 
the  parabola,  and  HK  touches  the  parabola. 

Cor.  1.  This  proposition  points  out  a  method  of 
drawing  a  straight  line  that  will  touch  a  parabola  in  a  giv¬ 
en  point,  provided  the  directrix  and  the  focus  be  given  in 
position. 

Cor.  2.  And  since  it  has  been  proved,  that  all  straight 
lines  that  touch  a  parabola,  fall  without  it  towards  the 
same  parts,  that  curve,  it  is  plain,  is  everywhere  convex 
on  the  side  on  which  the  touching  lines  are,  but  concave 
on  the  contrary  side. 

PROP.  VI.  PROBLEM. 

The  directrix  and  the  focus  of  a  parabola,  and  a 
straight  line  not  parallel  to  any  diameter,  being 
given  in  position ;  to  draw  a  straight  line  parallel  to 
the  straight  line  given  in  position,  which  will  touch 
the  parabola. 

AB  being  the  directrix  and  C  the  focus  of  a  parabola 
(fig.  2.}  and  MN  a  straight  line  not  parallel  to  any  diame¬ 
ter;  it  is  required  to  draw  a  straight  line  parallel  to  MN, 
which  will  touch  the  parabola. 

From  the  focus  C  draw  CO  perpendicular  to  MN,  and 
meeting  the  directrix  in  A ;  and  having  bisected  AC  in 
E,  draw  ED  parallel  to  MN,  and  meeting  the  diameter 
through  A  in  the  point  D,  and  join  CD ;  then,  in  the  tri¬ 
angles  ADE,  CDE  ;  AE  is  equal  to  CE,  ED  commofi, 

*  ^ 
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and  the  angles  at  E  right  angles  ;  DA,  therefore,  is  equal 
to  DC  ;  and,  consequently,  the  point  D  is  in  the  (2.  1.) 
parabola:  and,  since  the  angle  ADE  is  equal  to  the  angle 
CDE,  the  straight  line  DE,  as  was  shown  in  the  preced¬ 
ing  proposition,  touches  the  parabola. 

PROP.  VII.  THEOR. 

If  from  a  point  E  in  a  parabola  (fig.  3.  4.  n.  1.  2.) 
there  be  drawn  a  straight  line  EG,  neither  parallel 
to  the  axis,  nor  bisecting  the  angle  contained  by 
the  diameter  EF  passing  through  that  point,  and  a 
straight  line  drawn  from  the  same  point  to  the  fo¬ 
cus  ;  the  straight  line  EG  cuts  the  parabola  in  one 
other  point,  but  not  in  more  than  one. 

From  the  focus  C  let  a  perpendicular  be  drawn  to  EG, 
and  let  it  meet  the  directrix  in  A  ;  and,  making  Ay' equal 
to  AF,  through  f  draw  fe  parallel  to  the  diameter  FE, 
and  let  fe  meet  EG  in  e ;  the  point  e  will  be  in  the  para¬ 
bola. 

$  * 

%  ,  *  . 

There  are  two  cases.  (Fig.  3.)  The  one  is  that  in  which 
EG  passes  through  the  focus  :  because  EC  is  equal  to 
EF,  and  each  of  the  angles  ECA,  EFA  a  right  angle  ; 
therefore  AC  is  (5.  and  6.  1.  Elem.)  equal  to  AF  ; 
and,  consequently,  it  is  equal  to  Af;  and  each  of  the  an- 
^b...  ACe,  A fe  is  a  right  angle  :  eC  is,  therefore,  equal  to 
ej  ;  and  therefore  the  point  e  is  in  the  (2.  1.)  parabola. 

In  the  other  case  (fig.  4.  n.  1.  2.)  EG  passes  not 
through  the  focus.  From  the  centre  E,  at  the  distance 
EC,  describe  a  circle,  meeting  CA  again  in  H  ;  and  de~ 
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scribe  another  circle  through  the  points  C,  H,  f  ;  then, 
because  EC  is  equal  to  EF,  and  that  EFA  is  a  right  an¬ 
gle,  the  circle  described  from  the  centre  E  touches  (cor. 
16.  3.  Elem.)  the  directrix  in  F :  therefore  the  rectangle 
CAH  is  equal  to  (36.  3.  Elem.)  the  square  of  AF,  that 
i sj  to  the  square  of  A f:  therefore  Af  touches  the  circle 
(37.  3.  Elem.) yCH  ;  and  the  centre  of  this  circle  is  (19. 
3.  Elem.)  in  fe\  it  is  also  in  GE,  which  bisects  CH  at 
right  angles  :  it  is,  therefore,  in  the  point  e  where  fe ,  GE 
intersect  each  other.  eC ,  therefore,  is  equal  to  ef;  and? 
therefore,  the  point  e  is  in  the  (2.  1.)  parabola. 

It  is  evident,  that  EG  cuts  the  parabola  no  where  but 
in  the  points  E,  e :  for,  if  possible,  let  EG  cut  it  also  in 
another  point  z  ;  and  let  tt  be  drawn  perpendicular  to  the 
directrix  AB ;  a  circle  (fig.  4.  n.  1.  2.)  then,  described 
from  the  centre  e,  distance  eC,  passes  through  H,  and 
touches  the  directrix  in  the  point,  f,  at  a  distance  from 
the  point  A  (n.  1.  2.)  less  or  greater  than  that  of  the 
point  F  or  f  from  fA  ;  and  the  square  of  A  being  equal 
to  the  rectangle  CAH,  is  equal  to  the  square  of  FA: 
which  is  absurd. 

/ 

CoR.  Of  all  the  straight  lines  that  can  be  drawn  from 
any  point  of  a  parabola,  only  one  can  touch  the  parabola  ; 
.  for  the  diameter  through  the  point  falls  (4.  1.)  within  the 
parabola ;  and  any  other  straight  line,  except  that  which 
bisects  the  angle  contained  by  the  diameter  through  the 
point*  and  the  straight  line  drawn  from  the  point  to  the 
focus,  meets  the  parabola  again  in  another  point. 
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PROP.  VIII.  THEOR. 

If  from  the  focus  C  of  a  parabola  (fig.  4.  n.  1.  2.)  a 
,  perpendicular  CG  be  drawn  to  any  straight 
line  LG,  meeting  the  directrix  in  A ;  if  the  seg¬ 
ment  of  the  perpendicular  intercepted  between  the 
focus  and  the  straight  line,  is  not  greater  than  its 
other  segment  intercepted  between  the  straight  line 
and  the  directrix,  that  is,  if  CG  be  not  greater  than 
GA,  the  straight  line  LG,  necessarily,  meets  the 
parabola. 

/ 

When  the  segments  CG,  GA  are  equal,  it  is  plain, 
from  what  was  demonstrated  in  Prop.  6.  that  the  straight 
line  LG  touches  the  parabola  in  the  point  where  the  di¬ 
ameter  through  A  meets  the  same  LG. 

But  if  CG  be  less  than  GA,  take  GH  equal  to  GC  ^ 
and  from  the  point  A,  and  on  either  side  of  A,  place,  in 
the  directrix,  AF,  or  A/J  such,  that  the  square  of  either 
may  be  equal  to  the  rectangle  C  AH  ;  and  having  describ¬ 
ed  a  circle  through  the  points  C,  H,  F,  draw,  through  F, 
FE  perpendicular  to  AF,  and  let  FE  meet  LG  in  E  : 
and  the  square  of  AF  being  equal  to  the  rectangle  CAH, 
AF  touches  the  circle  in  F  ;  and  therefore  the  centre  of 
the  circle  is  in  FE  :  but  as  CH  is  bisected  at  right  am 
gles  by  the  straight  line  LG,  the  centre  of  the  circle  is 
likewise  in  LG :  it  is,  therefore,  in  E,  the  point  where 
FE,  LG  intersect  each  other  :  hence  EC  is  ec^ualto  EF  $ 
and,  of  consequence,  the  point  E  is  in  the  parabola.  In 
like  manner,  if  ef  drawn  perpendicular  to  the  directrix 
meets  LG  in  <?,  the  point  e  is  in  the  parabola. 


16 


CONIC  SECTIONS. 


Cor.  Hence  any  straight  line  passing  through  a  point 
within  a  parabola,  meets  the  parabola. 

Case  1.  If  the  straight  line  is  a  diameter,  it  is  evident, 
from  Prop.  4.  1.  that  it  meets  the  parabola. 

Case  2.  When  the  straight  line  is  not  a  diameter.  Let 
LG  pass  through  the  point  L  within  the  parabola ;  it  will 
meet  the  parabola.  From  the  focus  C  let  the  straight 
line  CG  be  drawn  at  right  angles  to  LG,  and  let  it  meet 
the  directrix  in  A  ;  and  join  LC,  LA  :  then  because  the 
point  L  is  within  the  parabola ;  a  straight  line  drawn 
from  L  perpendicular  to  the  directrix,  is  greater  (3.  1.) 
than  LC  :  LA,  therefore,  which  is  not  less  than  this  per¬ 
pendicular,  is  greater  than  LC  :  AG,  therefore,  is  greater 
than  (47.  1.  Elem.)  GC  ;  and  therefore  LG  meets  the 
parabola. 

PROP.  IX.  THEOR. 

The  angle  contained  by  a  diameter  of  a  parabola,  and 
a  straight  line  drawn  from  the  vertex  of  that  dia¬ 
meter  to  the  focus,  is  bisected  by  the  straight  line 
that  touches  the  parabola  in  that  vertex. 

The  angle  ADC  (fig. 5.)  contained  by  the  diameter  AD, 
and  the  straight  line  DC,  is  bisected  by  DE,  a  straight  line 
touching  the  parabola  in  the  vertex  D:  for  if  DE  bisects 
not  the  angle  ADC,  it  is  possible  for  some  other  straight 
line  to  do  it :  and  this  other  straight  line  also  will  touch 
the  parabola  (5.  1.)  which  is  absurd. 

«  • 

Ccr.  1.  On  the  other  hand,  if  AD  be  a  diameter,  and 
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ED  touch  the  parabola  in  the  vertex  D  of  AD,  and  if 
the  angle  ADE  be  equal  to  the  angle  CDE,  DC  passes 
through  the  focus:  or,  if  DC  passes  through  the  focus, 
DE  touching  the  parabola  in  D,  and  the  angle  ADE 
being  equal  to  the  angle  CDE  ;  DA  is  a  diameter. 

Cor.  2.  If  from  any  point  D  which  is  in  a  parabola, 
but  which  is  not  the  vertex  of  the  axis,  a  straight  line  DE 
be  drawn  touching  the  parabola,  the  angle  EDA  contain¬ 
ed  towards  the  directrix  by  the  straight  line  DE  and  the 
diameter  DA,  is  less  than  a  right  angle;  for  the  angle 
ADC,  which  is  the  double  of  EDA,  is  less  than  two 
right  angles. 

*  * 

PROP.  X.  THEOR. 

If  from  a  point  in  a  parabola  a  straight  line  be  drawn 
touching  the  parabola,  and  if  from  the  same  point 
a  perpendicular  be  drawn  to  the  axis ;  the  seg¬ 
ment  of  the  axis  intercepted  between  the  perpen¬ 
dicular  and  the  line  touching  the  parabola,  is  bisect¬ 
ed  in  the  vertex  of  the  axis. 

Let  D  be  a  point  of  a  parabola  (fig.  5.)  and  let  DE 
drawn  from  D  touch  the  parabola,  and  DM  be  perpendi¬ 
cular  to  the  axis  ;  the  segment  EH  of  the  axis  is  bisected 
in  F,  the  vertex  of  the  axis, 

•  Through  D  let  DA  be  drawn  perpendicular  to  the 
directrix  ;  let  DC  be  drawn  to  the  focus,  and  let  the  axis 
meet  the  directrix  in  B  :  and  because  the  angle  CDE  is 
equal  to  the  angle  ADE  (9»  1.)  that  is2  to  the  alternate 
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angle  CED,  CE  is  equal  to  CD,  or  DA,  that  is,  to  IIB  ; 
and  CF  is  equal  to  FB;  therefore  the  remainder  FE  is 
equal  to  the  remainder  FH. 

i  ,  t 

PROP.  XI.  THEOR. 

{ 

Every  straight  line  parallel  to  a  straight  line  that 
touches  the  parabola,  and  terminated  both  ways 
by  the  parabola,  is  bisected  by  the  diameter  pass¬ 
ing  through  the  point  of  contact,  that  is,  it  is  or- 
dinately  applied  to  this  diameter. 

The  straight  line  Ee  (fig.  4.  n.  1.  2.)  which  is  terminat¬ 
ed  in  the  points  E,  e,  being  parallel  to  DK,  a  straight 
line  touching  the  parabola  ;  and  AD,  the  diameter  which 
passes  through  the  point  of  contact  D,  meeting  Ec  in  L  j 
LE  is  equal  to  Le. 

Let  AD  meet  the  directrix  AB  in  A  ;  from  the  points 
E,  e  to  the  directrix,  draw  the  perpendiculars  EF,  ef; 
and  from  the  focus  C  draw  C  A  meeting  Ee  in  G ;  and 
from  the  centre  E,  distance  EC,  describe  a  circle  meet¬ 
ing  CA  again  in  H  ;  this  circle  will  touch  the  directrix  in 
F :  join  DC  :  then,  because  DA  is  equal  to  DC,  and  the 
angle  ADK  equal  to  (9.  1.)  CDK,  DK  is  (4.  1.  Elem.) 
perpendicular  to  AC  :  and,  therefore,  Ee  too  is  at  right 
angles  to  the  same  AC  :  and  because  E  is  the  centre  of 
the  circle  CFH,  CG  is  equal  to  (3.  3.  Elem.)  GH  ; 
join  eC  and  eH,  and  eC  will  be  equal  (4.  1.  Elem.)  to  eH  : 
a  circle,  therefore,  described  from  the  centre  e ,  and  at  the 
distance  eC,  passes  through  H ;  and  eC  being  equal  to 
ef  it  passes  likewise  through  f :  therefore,  since  the 
straight  line  I f  touches  the  circles,  and  the  straight  line 
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AHC  cuts  them,  the  square  of  AF  is  equal  to  the 
(36.  3.  Elem.)  rectangle  CAH,  that  is,  to  the  square  of 
A f:  therefore  AF  is  equal  to  Af;  but  FE,  AL,y^,  are 
parallels  :  therefore  LE  is  (2.  6.  Elem.)  equal  to  Ee. 

Cor.  1.  On  the  other  hand,  if  a  straight  line  Ee ,  ter¬ 
minated  both  ways  by  a  parabola,  be  bisected  by  the  di¬ 
ameter  AL,  it  is  parallel  to  the  tangent  which  passes 
through  D,  the  vertex  of  AL  :  for  if  the  straight  line 
touching  the  parabola  in  the  point  D,  be  not  parallel  to 
LE,  let  another  straight  line  be  drawn  touching  the  pa¬ 
rabola,  and  parallel  to  LE  ;  then  the  diameter  which 
passes  through  the  point  where  this  other  straight  line 
touches  the  parabola,  bisects  the  straight  line  Ee :  but, 
according  to  the  hypothesis,  the  same  Ee  is  bisected  by 
the  diameter  AL  :  which  is  absurd. 

Cor.  2.  All  straight  lines  ordinately  applied  to  any 
diameter,  are  parallel  to  one  another. 

Cor.  3.  If  two  or  more  parallels  be  terminated  both 
ways  by  a  parabola,  the  diameter  which  bisects  the  one, 
or  one  of  them,  bisects  also  the  other,  or  the  rest  of  them  : 
for  the  one  that  is  bisected  by  a  diameter,  is  parallel  to 
the  straight  line  touching  the  parabola  in  the  vertex  of 
that  diameter ;  and  consequently  the  other,  or  the  others, 
is,  or  are,  parallel  to  the  same  straight  line  that  touches 
the  parabola  in  that  vertex ;  and,  therefore,  is,  or  are,  bi¬ 
sected  by  the  same  diameter. 

Cor.  4.  Any  straight  line,  on  the  contrary,  which  bi¬ 
sects  two  parallels  terminated  both  ways  by  a  parabola,  is 
a  diameter  ;  for  if  it  is  not,  it  is  possible  for  some  other 
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straight  line  bisecting  one  of  the  parallels  to  be  a  diame¬ 
ter;  and  being  a  diameter,  this  other  straight  line  must 
also  bisect  the  other  of  them  :  but,  according  to  the  hy¬ 
pothesis,  the  former  of  the  straight  lines  bisects  both  the 
parallels:  which  is  absurd.  And  if  from  the  point  of 
contact  a  straight  line  be  drawn  bisecting  another  straight 
line  parallel  to  the  tangent,  and  terminated  both  ways  by 
the  parabola,  that  straight  line  is  a  diameter  :  for  if  it  be 
not,  let  a  diameter  be  drawn  through  the  point  of  contact, 
this  diameter  must  also  bisect  the  parallel  to  the  tangent : 
which  is  absurd. 

Cor.  5.  And  a  straight  line  drawn  through  the  vertex 
of  a  diameter,  so  as  to  be  parallel  to  straight  lines  ordi- 
nately  applied  to  that  diameter,  touches  the  parabola* 
This  is  manifest  from  Cor.  1. 

PROP.  XII.  THEOR. 

If  from  a  point  of  a  parabola  a  straight  line  be  drawn 
perpendicular  to  a  diameter,  and  if  from  the  same 
point  a  straight  line  be  ordinately  applied  to  that 
diameter  ;  the  square  of  the  perpendicular  is  equal 
to  the  rectangle  contained  by  the  abscissa  of  the 
diameter  and  the  latus  rectum  of  the  axis. 

Case  1.  When  the  diameter  is  the  axis  of  the  parabola* 

Let  D  be  a  point  in  a  parabola  (fig.  5.)  and  DH  per¬ 
pendicular  to  the  axis  BC  ;  DH  will  be  parallel  to  (5. 1.) 
the  straight  line  touching  the  parabola  in  the  vertex  of  the 
axis  ;  and  therefore  will  be  ordinately  (11.  1.)  applied  to 
the  axis:  draw  DC  to  the  focus,  and  DA  perpendicular  t© 
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the  directrix  AB,  and  let  F  be  the  vertex  of  the  axis  ; 
then,  because  HB  is  equal  to  DA,  that  is,  to  DC,  the 
square  of  HB  is  equal  to  the  square  of  DC,  that  is  to  the 
square  of  DH,  together  with  the  square  of  HC  :  but,  since 
BF  is  equal  to  FC,  the  same  square  ofHB  is  equal  to  four 
times  the  rectangle  HFC,  together  with  the  (8.2.  Elem.) 
square  of  HC  :  therefore  the  square  of  DH,  together  with 
the  square  of  HC,  is  equal  to  four  times  the  rectangle 
HFB,  together  with  the  square  of  HC  :  therefore  the 
square  of  HD  is  equal  to  four  times  the  rectangle  HFBy 
that  is,  t6  the  rectangle  contained  by  the  abscissa  HF,  and 
the  parameter  of  the  axis. 

Case  2.  When  the  diameter  to  which  the  perpendicu¬ 
lar  is  drawn  is  not  the  axis. 

Let  EN  (fig.  4,  n.  1.  2.)  be  perpendicular  to  the  dia* 
meter  AD  ;  let  EL  be  an  ordinate  to  AD,  and  D  the 
vertex  of  the  same  AD  ;  the  square  of  EN  is  equal  to  the 
rectangle  contained  by  the  abscissa  LD  and  the  parame 
ter  of  the  axis. 

Draw  DK  parallel  to  LE  ;  DK  will  therefore  (5.  con 
JL1.  1.)  touch  the  parabola  in  D  :  and  let  the  same  DK 
meet  the  axis  in  K  ;  let  EF  be  drawn  at  right  angles  to 
the  directrix  j  and  let  a  circle  be  described  from  the  cen¬ 
tre  E,  distance  EF ;  and  this  circle  will  touch  (cor.  16. 
3.  Elem.)  the  directrix  in  F,  and  pass  through  the  focus 
C  :  let  AC  be  joined,  and  let  it  meet  the  circumference 
of  the  circle  again  in  H,  and  the  straight  lines  DK,  LE 
:in  the  points  P,  G  ;  and  let  LE  meet  the  axis  in  O. 

Because  the  angles  (9.  of  this  book,  4.  1.  Elem.)  C.PJS 
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and  CBA  are  right  angles,  and  the  angle  BCP  common, 
the  triangles  CBA,  CPK  are  equiangular :  AC,  there¬ 
fore,  is  (4.  6.  Elem.)  to  CB,  as  CK  to  CP,  that  is,  as 
( '2 .  6. ;  16.  5.  Elem.)  OK  to  GP  :  the  rectangle,  there¬ 
fore,  contained  by  CA,  GP  is  equal  to  (16.  6.  Elem.) 
that  contained  by  OK,  CB  :  but  because  CA  is  (9.  of 
this  book,  and  4.  1.  Elem.)  the  double  of  CP,  and  CII 
the  double  of  CG,  AH  is  double  of  GP  ;  and,  conse¬ 
quently,  the  rectangle  CAH  is  equal  to  twice  the  rectan¬ 
gle  CA,  GP,  that  is,  to  twice  the  rectangle  OK,  CB  : 
but  the  square  of  EN,  or  of  AF,  is  equal  (36.  3.  Elem.) 
to  the  rectangle  CAH  :  it  is  therefore  equal  to  twice  the 
rectangle  OK,  CB,  that  is,  to  the  rectangle  contained  by 
the  abscissa  LD,  and  the  parameter  of  the  axis. 

Cor.  1.  Hence  the  squares  of  perpendiculars  drawn 
from  any  points  of  a  parabola  to  any  diameters,  are  to 
one  (1.  6.  Elem.)  another,  as  the  abscissas  intercepted  be¬ 
tween  the  vertices  of  those  diameters  and  the  ordinates 
drawn  from  those  points. 

Cor.  2.  The  squares  of  straight  lines  ordinately  appli¬ 
ed  to  the  same  diameter,  are  to  one  another,  as  the  ab¬ 
scissas  between  those  straight  lines  and  the  vertex  of  that 
diameter.  Let  EL,  QR  be  ordinately  applied  to  the 
diameter  DN  ;  and  let  EN,  QS  be  perpendicular  to  the 
same :  because  the  triangle  ELN  is  equiangular  to  the 
triangle  QRS,  the  square  of  EL  is  to  that  of  QR,  as  the 
square  of  EN  to  that  of  QS,  that  is,  by  the  preceding 
corollary,  as  the  abscissa  DL  to  the  abscissa  DR. 

Cor.  3.  And  if  from  the  vertices  of  two  diameters 
there  be  drawn  straight  lines  ordinately  applied  to  those 


BOOK  X. 


THE  PARABOLA. 


23 


two  diameters,  that  is,  if  the  straight  line  drawn  from  the 
vertex  of  each  diameter  be  an  ordinate  to  the  other  dia- 
nn  ■-  r,  u abscissas  between  those  ordinates  and  the  two 
vertices  are  equal  to  each  other ;  for  the  perpendiculars 
drawn  from  the  twc  vertices  to  the  two  diameters  are 
equal. 

f 

PROP.  XIII.  THEOR. 

If  from  a  point  of  a  parabola  a  straight  line  be  drawn 
ordinately  applied  to  a  diameter,  the  square  of  half 
that  ordinate  is  equal  to  the  rectangle  contained 
by  the  abscissa  between  that  same  ordinate  and 
the  vertex  of  that  diameter,  and  the  latus  rectum  of 
the  same  diameter. 

Let  AB  be  the  directrix  of  a  parabola  (fig.  4.  n.  1.  2.) 
and  AD  a  diameter,  to  which  EL,  drawn  from  the  point 
E  of  the  parabola,  is  ordinately  applied  ;  and  through  the 
vertex  D  of  the  diameter  AD,  draw  DK  parallel  to  EL  ; 
DK,  of  consequence,  will  touch  the  parabola  :  draw  DM 
perpendicular  to  the  axis,  and  from  Q,  the  vertex  of  the 
axis,  draw  QR  ordinately  applied  to  the  diameter  DL  ; 
and,  consequently,  parallel  to  EL. 

Since  QR  is  equal  to  DK,  its  square  is  equal  to  (47.  1. 
Elem.)  the  squares  of  DM,  MK  ;  but  the  square  of  DM 
is,  by  the  first  case  of  the  foregoing  proposition,  equal  to 
four  times  the  rectangle  MQB  :  and  since  MQ  is  equal 
(10.  1.)  to  QK,  the  square  of  MK  is  equal  to  four  times 
the  square  of  MQ:  therefore  the  square  of  QR  is  equal 
to  four  times  the  rectangle  MQB,  together  with  four 
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times  the  square  of  MQ,  that  is,  to  four  times  (3.  2, 
Elem.)  the  rectangle  QMB  :  but  MQ,  or  QK,  is  equal  to 
f)R,  and  MB  to  DA;  therefore  the  square  of  QR  rs 
equal  to  four  times  the  rectangle  RDA  :  and  since  QK* 
EL  are  crrdinately  applied  to  the  diameter  AD,  the  square 
Of  QR  is  to  the  square  of  EL  as  (2.  cor.  of  the  preceding- 
proposition)  RD  to  LD,  that  is,  as  four  times  the  rectan¬ 
gle  RDA  to  four' times  the  rectangle  LDA  :  but  the 
Square  of  QR,  as  hath  been  proved,  is  equal  to  four  times 
the  rectangle  RDA  ;  therefore  the  square  of  EL  is  equal 
to  four  times  the  rectangle  LDA,  that  is,  to  the  rectan¬ 
gle  contained  by  the  abscissa  LD  and  the  parameter  of 
the  diameter  AD. 


It  ttas  from  the  property  above  demonstrated,  that 
Appollonius  named  the  curve  line,  which  is  the  subject 
6f  this  book,  the  Parabola. 

Cor.  ii  If  from  a  point  E  to  AD$  a  diameter  of  the 
parabola,  a  straight  line  EL  is  drawn  parallel  to  straight 
)ine£  ordinately  applied  to  the  diameter  AD,  and  meet¬ 
ing  the  same  AD  below  its  vertex  D ;  if  the  square  of 
EL  is  equal  to  the  rectangle  contained  by  the  abscissa 
LD  and  the  parameter  of  the  diameter  AD  ;  the  point  E 
is  in  the  parabola. 

for  since  the  point  L  is  withiti  (4.  1.)  the  parabola 
(fig.  4.  n.  2.)  the  straight  line  EL  necessarily  meets  (cor. 
8.  1.)  the  parabola:  if,  therefore,  EL  does  not  meet  the 
parabola  in  the  point  E,  on  the  same  side  of  the  diameter 
with  E,  let  it  meet  it,  if  possible,  in  some  other  point, 
Nearer,  or  fnore  remote,  from  the  diameter,  than  E  is : 
let  this  other  point  be  z ;  then  the  square  of  eL  is  equal 
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to  the  rectangle  contained  by  LD,  and  the  parameter  of 
the  diameter,  that  is,  according  to  the  hypothesis,  to  the 
square  of  EL  :  which  is  absurd. 

Cor.  2.  If  from  two  points  E,  Q,  one  of  w  hich,  Q,  is, 
in  the  parabola,  there  be  drawn  to  the  diameter  AD 
straight  lines  EL,  QR,  parallel  to  straight  lines  ordi- 
nately  applied  to  AD  ;  if  the  squares  of  the  parallels  be 
to  one  another  as  the  abscissas  between  the  parallels  and 
the  vertex  of  the  same  AD  ;  the  other  point  E  is  also  in 
the  parabola. 

If  the  diameter  LD  meets  the  directrix  in  A,  four 
times  AD  is  its  latus  rectum:  then,  since  the  square 
of  QR  is  to  that  of  EL  as  RD  is  to  LD,  that  is,  as  four 
times  the  rectangle  RDA  to  lour  times  the  rectangle 
LDA  ;  and  since  by  the  proposition,  the  square  of  QR  is 
equal  to  four  times  the  rectangle  RDA  ;  the  square  of  EL 
is  equal  to  four  times  the  rectangle  LDA  ;  and  therefore, 
by  the  preceding  corollary,  the  point  E  is  in  the  para¬ 
bola. 

PROP.  XIV.  THEOR. 

If  a  straight  line  be  drawn  from  a  point  of  a  parabola 
so  as  to  be  ordinately  applied  to  a  diameter,  and  if 
another  straight  line  be  drawn  from  the  same  point 
so  as  to  touch  the  parabola,  and  meet  that  diame¬ 
ter  ;  the  segment  (of  the  diameter)  intercepted  be¬ 
twixt  the  ordinate  and  the  tangent  is  bisected  in 
the  vertex  of  the  diameter. 
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A,  being  a  point  of  a  parabola;  (fig.  6.)  AC  drawn 
from  A,  so  as  to  be  ordinately  applied  to  the  diameter 
BC,  and  AD  drawn  from  the  same  point,  so  as  to  touch 
the  parabola,  and  meet  BC  in  D ;  the  segment  CD  is  bi¬ 
sected  in  B,  the  vertex  of  BC. 

From  the  vertex  B  let  BE  be  drawn  parallel  to  AD  ;  it 
will  be  ordinately  (11.1.)  applied  to  the  diameter  AE, 
and  the  abscissa  BC  will  be  equal  to  the  abscissa  (3.  cor* 
12.  1.)  AE,that  is,  to  BD. 

Cor.  1.  On  the  other  hand,  AC  being  ordinately  ap¬ 
plied  to  the  diameter  BC,  if  AD  be  drawn  making  BD 
equal  to  BC,  AD  touches  the  parabola. 

For  if  AD  does  not  touch  the  parabola,  let  AF  touch 
it ;  FB  then  is  equal  to  BC  :  which  is  impossible. 

Cor.  2.  If  a  straight  line  touches  a  parabola,  its  seg¬ 
ment  between  the  point  of  contact,  and  any  diameter,  is 
bisected  by  a  straight  line  touching  the  parabola,  in  the 
vertex  of  that  diameter. 

V 

Let  AD,  a  straight  line  touching  the  parabola,  meet  the 
diameter  CB  in  the  point  D,  and  the  tangent  GB  in  G  ; 
let  AC  be  drawn  parallel  to  BG  ;  AC  will  be  ordinately 
applied  to  the  (11.  1.)  diameter  CB:  and  since,  by  the 
proposition,  CB  is  equal  to  BD,  AG  is  likewise  equal  to 
GD. 

PROP.  XV.  PROB. 

To  find  a  diameter,  the  axis,  the  latus  rectum  of  the 
axis,  the  focus,  and  the  directrix,  of  a  parabola 
given  in  position. 
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Let  two  parallel  straight  lines  AB  (fig.  7.)  CD  be 
drawn ;  let  them  be  terminated  in  the  parabola,  and  bi¬ 
sected  in  the  points  F,  E  ;  join  FE,  and  let  it  meet  the 
parabola  in  G ;  GF  is  (4  cor.  11.  1.)  a  diameter. 

Next,  in  the  diameter  GF,  and  below  its  vertex  G, 
take  any  point  H ;  and  through  that  point  draw  KHL 
perpendicular  to  the  diameter  GF,  and  meeting  the  pa¬ 
rabola  in  the  points  K,  L  ;  and  through  M,  the  middle 
point  of  KL,  draw  MN  parallel  to  the  diameter  GF, 
and  meeting  the  parabola  in  N  ;  and  let  NO  be  drawn 
parallel  to  MH  :  then,  because  MN  is  parallel  to  GH, 
it  is  a  diameter;  but  KL  is  ordinately  applied  to  MN  ; 
therefore  NO  touches  (5.  cor.  11.  1.)  the  parabola  in  N. 
And  because  MNO  is  a  right  angle,  MN  is  (2.  cor.  9. 
1.)  the  axis:  and  a  third  proportional  to  NM,  MK  is  the 
(13.  1.)  latus  rectum  of  the  axis  :  and  the  distance  of  the 
focus  from  the  vertex  of  the  axis  is  equal  to  a  fourth 
part  of  the  latus  rectum  of  the  axis  ;  therefore  the  focus 
is  given.  After  the  same  manner  is  the  directrix  found. 

PROP.  XVI.  PROB. 

The  directrix  and  the  focus  of  a  parabola  being  given 
in  position,  to  describe  the  parabola. 

Let  AB  be  the  directrix  (fig.  8.)  and  C  the  focus,  and 
with  a  ruler  and  string  describe  the  (def.  1.)  parabola: 
or  as  many  points  of  the  parabola  as  may  be  thought  ne¬ 
cessary  may  be  thus  found  ;  through  the  focus  C  draw 
CB  at  right  angles  to  the  directrix,  and  CB  will  be  the 
axis  :  to  the  axis  CB  draw  any  perpendicular  LG,  meet¬ 
ing  it  below  its  vertex  F,  and  in  the  same  axis  place  CM 
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equal  to  BG  ;  CH  will  thus  be  greater  than  CG ;  and 
from  the  centre  C,  distance  CH,  describe  a  circle,  cutting 
the  straight  line  LG  in  D,  d ;  these  points  are  in  the  pa^ 
rabola. 

For  the  straight  line  DA,  drawn  to  the  directrix,  so  as 
to  be  parallel  to  GB,  is  equal  to  GB  ;  that  is,  to  CH,  that 
is,  to  CD  ;  and  D,  therefore,  is  (2.  1.)  in  the  parabola. 
In  the  same  manner  it  may  be  shown,  that  d  is  in  the  pa¬ 
rabola. 

Cor.  Hence,  if  the  directrix  AB  of  a  parabola,  and  F, 
the  vertex  of  the  axis,  be  given  in  position,  the  parabola 
may  be  described,  by  drawing  FB  at  right  angles  to  the 
directrix,  and  making  FC  equal  to  FB,  for  C  will  be  the 
focus  (cor.  1.1.)  In  like  manner,  if  the  vertex  F  and 
focus  C  be  given,  join  CF,  and  produce  it  to  B,  so  that 
FB  may  be  equal  to  FC  ;  a  straight  line  drawn  through 
B  at  right  angles  to  BC,  will  be  the  directrix  :  and  if  the 
axis  GF,  and  its  vertex  F,  be  given  in  position,  and  its 
parameter  FK  given  in  magnitude,  the  directrix  may  be 
found  by  making  FB  equal  to  a  fourth  part  of  the  para¬ 
meter  FK,  and  drawing  BA  at  right  angles  to  the  same 
FB.  In  like  manner  the  directrix  maybe  found,  if  the 
axis,  the  focus,  and  the  parameter  of  the  axis,  be  given 
in  position.  In  all  these  cases,  therefore,  the  parabola 
may  be  described  according  to  the  proposition. 

PROP.  XVII.  PROB. 

The  axis  and  its  vertex,  and  a  point  without  the  axis 
and  below  its  vertex,  being  given  in  position,  to 
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describe  the  parabola  which  will  pass  through  tha|: 
point. 

The  axis  FH  (fig.  8.)  its  vertex  F,  and  D  a  point  with r 
out  it,  and  below  the  vertex  F,  being  given  in  position  } 
it  is  proposed  to  describe  the  parabola  which  shall  pass 
through  D. 

Having  drawn  from  the  point  D,  GD  perpendicular  tQ 
the  axis,  find  (11.  6.  Elem.)  FK  a  third  proportion 
to  the  two  straight  lines  FG,  GD  ;  then,  taking  FB  equal 
to  the  fourth  part  of  it,  and  making  FC  equal  to  FB, 
draw  BA  parallel  to  DG  ;  and  let  a  parabola  be  describ¬ 
ed,  having  C  for  its  focus,  and  AB  for  the  directrix; 
this  parabola  will  pass  through  the  point  D.  For  since 
FG,  GD,  FK  are  proportionals,  the  square  of  GD  is 
equal  to  the  rectangle  GFK  :  and  FK  is  the  parameter  of 
the  (def.  6.  1.)  diameter  FG  ;  therefore  the  point  I) 
(1.  cor.  13.  1.)  is  in  the  parabola. 

PROP.  XVIII.  PROP. 

'  '  '  '  ' 

Two  straight  lines  AB,  AC  (fig.  9.)  which  meet 
each  other  in  the  point  A,  being  given  in  position, 
and  a  straight  line  DE  being  given  in  magnitude ; 
to  describe  a  parabola  which  may  have  AB  for  a 
diameter,  and  DE  for  the  parameter  of  AB,  and 
which  the  straight  line  AC  may  touch  in  thf 
point  A. 

•  ‘  :  '  V*.  ..  J  . 

Take  of  DE  the  fourth  part  DF,  and  in  BA  producetj 
make  AG  equal  to  DF,  and  draw  GH  at  right  angles 

D 


CONIC  SECTIONS. 


30 

AG  ;  then,  making  the  angle  CAK  equal  to  GAC,  and 
tjie  straight  line  AK  equal  to  AG,  describe  a  parabola, 
which  may  have  K  for  the  focus,  and  GH  for  the  direc¬ 
trix  ;  AB  will  be  one  of  the  diameters,  and  the  parame¬ 
ter  of  AB  will  be  equal  to  the  (def.  4.  6.)  quadruple  of 
AG,  that  is,  to  DE  :  and  since  AG  is  equal  to  AK,  the 
point  A  is  in  the  parabola;  and  since  the  angle  GAC  is 
equal  to  CAK,  the  straight  line  AC  touches  the  parabo¬ 
la  in  the  point  A, 

r  ' 

Cor.  If  from  a  point  L,  a  straight  line  LM  be  drawn 
in  a  given  angle  LMA,  to  a  straight  line  AB  given  in 
position ;  and  if  the  square  of  LM  be  equal  to  the  rec¬ 
tangle  contained  by  a  given  straight  line  DE,  and  the  seg¬ 
ment  MA,  intercepted  between  the  same  LM  and  the 
given  point  A ;  the  point  L  is  in  a  parabola  given  in  po¬ 
sition.  Having  drawn  through  the  point  A  a  straight 
line  AC  parallel  to  LM,  describe,  according  to  the  pro¬ 
position,  a  parabola  which  may  have  AB  for  a  diameter, 
and  DE  for  the  parameter  of  AB,  and  which  the  straight 
line  AC  may  touch  in  the  point  A ;  this  parabola  is  the 
locus  of  the  point  L  :  for  since  the  square  of  LM  is,  by 
hypothesis,  equal  to  the  rectangle  contained  by  M  A  and 
DE,  and  that  LM  is  parallel  to  AC  that  touches  the  pa¬ 
rabola,  and  consequently  to  straight  lines  ordinately  ap¬ 
plied  to  the  diameter  MA  ;  the  point  L  is  in  the  (1  cor. 
13.  1.)  parabola. 

PROP.  XIX.  PROB. 

A  diameter  AB  (fig.  9.)  and  its  vertex  A  being  given 
in  position,  and  a  straight  line  LM,  which  meets 
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AB  in  M  below  the  vertex,  being  given  in  position 
and  magnitude  ;  to  describe  a  parabola  which  may 
pass  through  the  point  L,  and  in  which  the  straight 
line  LM  may  be  ordinately  applied  to  the  diame¬ 
ter  AB. 

Through  the  vertex  A  draw  AC  parallel  to  LM,  and 
let  DE  be  a  third  proportional  to  AM,  ML  ;  and  accord¬ 
ing  to  the  preceding  proposition,  describe  a  parabola 
which  may  tiave  AB  for  a  diameter,  and  DE  for  the  pa¬ 
rameter  of  AB,  and  which  AC  may  touch  in  tjie  point 
A  :  then,  because  ML  is  parallel  to  AC,  it  is  ordinately 
applied  to  the  diameter  AB  ;  and  because  AM,  ML,  DE 
are  proportionals,  the  square  of  ML  is  equal  to  the  rec¬ 
tangle  contained  by  the  abscissa  AM,  and  DE  the  para¬ 
meter  of  the  diameter  AB  ;  and  therefore  the  point  L  is 
(l.cor.  13.  1.)  in  the  parabola. 

PROP.  XX.  PROB. 

A  diameter  of  a  parabola,  and  the  vertex  of  that  di- 
afneter,  being  given  in  position,  the  latus  rectum 
of  the  same  diameter  being  given  in  magnitude, 
and  a  point  in  the  parabola  being  given ;  to  de¬ 
scribe  the  parabola. 

Let  AB  be  the  diameter  given  in  position  (fig.  10.)  and 
A  its  vertex ;  in  AB,  and  above  the  vertex  A,  place  the 
straight  line  AC  equal  to  the  given  latus  rectum  ;  and  let 
D  be  the  given  point  in  the  parabola.  Suppose  what  is 
required  done;  and  let  AD  be  the  parabola  to  be  de¬ 
scribed  :  and  having  drawn  the  straight  line  AE  touch- 
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mg  it  in  A,  and  meeting  the  diameter  drawn  through  D 
in  the  point  E,  complete  the  parallelogram  AEDF: 
therefore  DF  is  ordinately  applied  to  the  diameter  AB  5 
and  therefore  the  square  of  DF,  or  AE,  is  equal  to  the 
Rectangle  FAC:  as,  therefore,  FA  or  DE  to  AE,  so  is 
AE,  to  AC  ;  and  they  contain  the  equal  (29.  1.  Elem.) 
angles  DE  A,  EAC  ;  therefore  the  triangle  DEA  is  equi¬ 
angular  to  the  triangle  EAC  :  and  thus  the  angle  AEC 
is  equal  to  the  angle  EDA,  or  FAD.  If,  then,  upon  AC 
a  segment  of  a  circle  be  described,  containing  an  angle 
equal  to  FAD,  the  point  E  will  (converse  of  21.  3. 
Elem.)  be  in  the  circumference  of  this  segment.  But  the 
single  FAD  is  given,  because  FA,  DA,  are  (29.  dat.)given 
in  position;  therefore  the  angle  AEC  is  given:  and  AC  is 
given  in  position  and  magnitude  ;  therefore  the  segment 
AEC  (3.  def.  dat.)  is  given  in  position.  The  point  E, 
then,  is  in  the  circumference  of  a  circle  given  in  position  : 
but  it  is  also  in  the  straight  line  DE  which  is  given  in 
position  ;  the  point  E,  therefore,  is  given  :  and  the  point 
A  is  given  :  therefore  the  straight  line  AE  is  given  in 
position.  It  is  possible,  therefore,  to  describe  (18.  1.)  a 
parabola  which  may  have  AB  for  a  diameter,  and  AC 
for  the  latus  rectum  of  AB,  and  which  AE  may  touch 
in  the  point  A. 

in  order  to  the  composition,  it  is  required^  that  a  § eg - 
ment  of  a  circle  containing  an  angle  equal  to  FAD,  be 
described  upon  AC,  and  that  a  straight  line  drawn 
through  the  point  D,  parallel  to  AB,  meet  the  circum¬ 
ference  of  that  segment.  But  these  conditions  it  is  some¬ 
times  impossible  to  fulfil.  Hence  the  problem  cannot  al- 
%yays  be  solved. 
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When  the  straight  line  drawn  through  D  parallel  to 
AB,  is  a  tangent  to  the  segment,  the  problem  admits  of 
only  one  solution.^  The  parabola,  and  latus  rectum  of 
the  diameter  AB,  which  solve  this  case,  are  determined* 
if  a  parabola  be  found  having  AB  for  a  diameter,  and  A 
for  the  vertex  of  AB,  and  which  passes  through  the  point 
D  ;  and  if  the  latus  rectum  of  BA  be  such,  that  a  segment 
of  a  circle  described  upon  it,  when  placed  above  A,  and 
in  the  direction  of  AB,  may  contain  an  'angle  equal  to 
BAD  ;  and  that  a  straight  line  drawn  through  D,  so  as 
to  be  parallel  to  AB,  may  touch  the  circumference  of  that 
segment.  Suppose  what  is  required  done  :  let  AG  be  the 
parameter  of  the  diameter  AB:  and  upon  AG  let  the 
segment  of  a  circle  containing  an  angle  equal  to  the  angle 
BAD,  or  ADE,  be  described;  and  let  the  straight  line 
DE  parallel  to  AB  touch  the  circumference  of  that  seg¬ 
ment  in  H,  and  join  AH,  GH  :  since,  then,  the  angle 
AHD  is  equal  (32.  3.  Elem.)  to  AGII  in  the  opposite 
segment,  and  that,  according  to  the  hypothesis,  the  angle 
ADH  is  equal  to  AHG  ;  the  triangles  ADH,  AHG  are 
equiangular:  the  angle  DAH  is,  therefore,  equal  to  HAG : 
but  the  angle  DAG  is  given  ;  and,  consequently,  its  half 
•  DAH  is  given  :  and  the  straight  line  AD  is  given  in  po¬ 
sition  :  therefore  AH  also  is  (29.  dat.)  given  in  position  ; 
the  point  H  too  is  given  where  AH  meets  DE  given  in 
position  ;  and  the  angle  AHG  is  given  :  hence  HG  is 
given  (29.  dat.)  in  position  ;  and  therefore  the  point  G  is 
given  :  hence  the  straight  line  AG  is  given  in  magni¬ 
tude  :  since,  then,  AG  in  the  parabola,  which  passes 
through  the  point  D,  is  the  latus  rectum  of  the  diameter 

*  In  all  cases  in  which  the  straight  line  drawn  through  D  parallel  to 
AB  cuts  the  circumference  of  the  segment  in  two  points,  the  problem 
admits  of  two  solutions. 
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AB,  of  which  A  is  the  vertex ;  because  a  straight  line 
touching  the  parabola  in  the  vertex  of  the  diameter  AB, 
meets,  as  hath  been  proved,  the  diameter  drawn  through 
D,  in  the  point  where  this  diameter  meets  the  circumfer¬ 
ence  of  the  circle,  the  segment  of  which  described  upon 
the  latus  rectum  of  the  diameter,  passing  through  A,  con- 
.  tains  an  angle  equal  to  ADH  ;  and  since,  in  the  present 
case,  the  diameter  DE  meets  the  circumference  of  this 
segment  in  H  ;  therefore  IIA  touches  the  parabola  in  A  : 
and  AB,  AH  being  given  in  position,  and  AG  given  in 
magnitude,  the  parabola,  according  to  the  18th  proposi¬ 
tion,  can  be  described. 

The  composition  of  this  case  is  as  follows  :  join  AD,  * 
and  through  D  draw  DE  parallel  to  AB;  to  DE  draw 
AH,  bisecting  the  angle  DAG  ;  and  through  H  to  AB 
draw  HG,  making  the  angle  AHG  equal  to  ADH  or 
DAB  :  and  let  a  parabola  be  described  which  may  have 
AB  for  a  diameter,  and  AG  for  the  latus  rectum  of  AB ; 
and  which  AH  may  (18.  1.)  touch  in  A  :  this  parabola 
will  pass  through  D,  and  DH  will  touch  the  circle  de¬ 
scribed  about  AHG.  Draw  DK  parallel  to  AH  ;  and 
since  the  triangles  DAH,  AHG  are  isosceles  and  equi¬ 
angular,  DH,  HA,  AG,  and  consequently  KA,  KD,  AG, 
are  proportionals  ;  the  square  of  DK  is,  therefore,  equal 
to  the  rectangle  KAG;  and  DK  is  parallel  to  the  tangent 
AH :  hence  the  point  D  is  in  the  (1.  cor.  13.  1.)  parabo¬ 
la  :  and  because  the  angle  AHD  is  equal  to  AGH  in  the 
opposite  segment,  DH  touches  (conv.  32.  3.  Elem.)  the 
circle  in  H. 

It  remains  to  be  inquired  whether  the  parameter  AG 
be  greater  or  less  than  the  parameter  of  the  diameter  AB 
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in.  gny  other  parabola,  having  AB,  for  a  diameter,  and  A 
for  the  vertex  of  AB,  and  which  passes  through  D.  Let 
there  be  any  other  parabola  admitting  of  these  condi¬ 
tions  ;  and  let  AE  touch  it  in  A  and  meet  the  dia¬ 
meter  passing  through  D  in  the  point  E,  and  the  circle 
GHA  in  L  :  having  joined  LG,  draw  EC  parallel  to  it: 
draw  also  DF  parallel  to  E  A  ;  DF,  therefore,  is  ordinate  - 
ly  applied  to  the  diameter  AB :  and  because  the  angle 
ADE  is  equal  to  the  angle  AHG  or  ALG,  that  is,  to 
AEC,  andthat  the  angle  DE  A  is  equal  to  AEC,  the  trian¬ 
gle  EDA  is  equiangular  to  the  triangle  AEC  :  therefore 
the  straight  lines  DE,  E  A,  AC,  that  is,  AF,  FD,  AC  are 
proportionals  ;  the  square  of  DF  is,  therefore,  equal  to 
the  rectangle  FAC  :  and,  for  this  reason,  AC  is  the  pa¬ 
rameter  of  the  diameter  AB  in  this  parabola.  And  be¬ 
cause  DE  touches  the  circlein  H,  AL  is  less  than  AE  ; 
and  therefore  AG  is  less  than  AC  :  therefore  AG  is  the 
least  of  all  the  possible  parameters  of  the  diameter  AB,  in 
parabolas  which  have  AB  for  a  diameter,  and  A  for  the 
vertex  of  AB,  and  which  pass  through  D. 

After  the  same  manner  it  may  be  shown,  that  in  any 
parabola  whatever,  which  answers  the  conditions  of  the 
proposition,  the  latus  rectum  of  the  diameter  AB  is  great¬ 
er  or  less,  according  as  the  tangent  drawn  through  A,  and 
situated  on  either  side  of  the  tangent  AH,  is  more  re¬ 
mote  from,  or  nearer  to,  the  same  AH, 

* 

To  proceed  to  the  composition  of  what  was  analysed  in 
the  first  case  :  if  the  proposed  parameter  be  equal  to  AG, 
found  in  the  manner  above  mentioned,  the  parabola,  as 
hath  been  shown,  may  be  described,  and  will  be  the  only 
one  that  can  fulfil  what  is  required  in  the  problem.  II, 
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next,  the  proposed  parameter  he  less  than  AG,  it  is  im¬ 
possible  to  construct  the  problem  :  or  if  the  proposed 
parameter  for  example,  AC,  be  greater  than  AG ;  upon 
AC  describe  the  segment  of  a  circle  containing  an  angle 
equal  to  ADH,  or  DAB;  and  since  DH  touches  the  cir¬ 
cle  AHG,  it  must  cut  the  segment  described  upon  AC  in 
two  points :  let  E  be  one  of  them  ;  and  join  AE  ;  and  let 
a  parabola  (18.  1.)  be  described,  having  AB  for  a  di¬ 
ameter,  and  AC  for  the  parameter  of  AB,  and  to  which 
the  straight  line  AE  may  be  a  tangent ;  and  draw  DF 
parallel  to  AE  ;  then  it  may  be  shown,  as  above,  that 
DE,  EA,  AC,  that  is,  that  AF,  FD,  AC,  are  propor¬ 
tionals  and  therefore  the  square  of  DF  is  equal  to  the 
rectangle  FAC,  contained  by  the  abscissa  FA  and  the 
parameter  AC ;  and  that,  consequently,  the  parabola 
passes  through  the  point  D.  The  same  thing  may  be  de¬ 
monstrated  with  regard  to  the  other  parabola,  which  has 
for  a  tangent  the  straight  line  joining  A,  and  the  other 
point  of  intersection  e.  And  as,  in  the  investigation  of 
the  problem,  it  has  been  proved,  that  the  angles  GAK, 
HAD  are  equal;  the  angle  AKD  is,  therefore,  equal  to 
ADK  ;  and,  of  consequence,  AK,  is  equal  to  AD:  but 
AG  is  a  third  proportional  to  AK,  KD,  or  to  AD,  DK  ; 
that  is,  the  least  parameter  is  a  third  proportional  to  the 
straight  line  which  joins  the  vertex  of  the  diameter  given 
in  position  and  the  given  point,  and  the  straight  line 
w'hich  is  drawn  from  the  same  point  to  the  diameter  so  as 
to  cut  off  from  the  diameter  a  segment  equal  to  the  first 
proportional. 
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THE  FIRST  NINE  DEFINITIONS  IN  THE  FIRST  BOOK  OjP 
APPOLLONIUS  OF  PERGA’S  CONIC  SECTIONS. 

AP.  DEF. 

1.  VIII.  If  a  straight  line  joining  any  poin,t  and  th$ 
circumference  of  a  circle  not  in  the  same  plane  with  the 
point,  be  produced  from  the  point  in  the  opposite  direc- 
tion,  and  then,  while  the  point  remains  fixed,  be  carried 
ro,und  in  the  direction  of  that  circumference  till  it  return 
to  the  place  from  whence  the  motion  commenced  ;  by  the 
revolution  of  that  straight  line,  a  surface,  called  the  coni¬ 
cal  surface ,  and  which  consists  of  two  surfaces  connected 
together  at  the  fixed  point,  will  be  described.  The  two 
connected  surfaces  may  each  of  them  be  infinitely  increas¬ 
ed,  if  the  straight  line  with  which  they  are  described  bo 
produced  both  ways  to  an  infinite  distance. 

2.  IX.  The  fixed  point  is  called  the  vertex  of  the  coni¬ 
cal  surface* 

3.  X.  The  straight  line  drawn  through  the  point  and 
the  centre  of  the  circle,  is  called  the  axis . 

4.  XI.  The  figure  contained  by  the  circle, 'and  the  sur¬ 
face  which  is  intercepted  between  the  vertex  and  the  cir~ 

cumference  of  the  circle,  is  called  the  cone. 

•  '  * 

5.  XII.  The  same  fixed  point,  which  is  the  vertex  of 

the  surface  of  the  cone,  is  named  the  vertex  of  the  cone .  , 

6.  XIII.  The  straight  line  drawn  from  the  vertex  to 
the  centre  of  the  circle,  is  called  the  axis  of  the  cone » 
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7.  XIV.  And  the  circle  itself  is  named  the  base  of  the 
cone, 

8.  Xy.  Cones  which  have  their  axis  at  right  angles  to 
the  base,  are  called  right-angled  cones. 

9.  XVI.  And  cones  which  have  not  their  axis  at  right 
angles  to  the  base,  are  called  scalene  cones . 

PROP.  XXI.  (PROP.  1.  B.  1.  APOLLO 

Straight  lines  drawn  from  the  vertex  of  the  surface  of 

a  cone  to  points  in  that  surface,  are  in  that  same 

surface. 

Let  there  be  the  surface  of  a  cone  :  let  A  (fig.  11.) 
be  its  vertex ;  and  having  taken  any  point  B  in  that  sur¬ 
face,  join  AB  :  the  straight  line  A B  is  in  that  same  sur¬ 
face. 

For,  if  possible,  let  ACB  be  a  straight  line  drawn  from 
the  vertex  A  to  the  point  B,  and  which  is  not  in  the  sur¬ 
face  of  the  cone ;  and  let  DE  be  the  straight  line  with 
Which  the  cone  is  described ;  and  the  circle  EF  the  base ; 
and  if  DE  be  revolved  in  the  circumference  of  EF,  it  will 
pass  through  the  point  B  and  the  vertex  A ;  and  thus  two 
straight  lines  ACB,  AGB  will  have  the  same  extremi¬ 
ties  :  which  is  absurd.  Therefore  the  straight  line  drawn 
from  the  point  A  to  B,  is  not  without  the  conical  surface 
therefore  it  is  in  that  surface. 

Cor.  A  straight  line  drawn  from  the  vertex  of  a  cone 
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to  any  point  within  the  surface,  falls  within  the  surface  ; 
but  if  dr  awn  from  the  vertex  to  any  point  without  the  sur¬ 
face,  it  falls  without  the  surface. 

.  PROP.  XXII.  (PROP.  3.  B.  1.  APOLL.) 

If  a  cone  be  cut  by  a  plane  passing  through  its  ver 
tex,  the  section  is  a  triangle. 

Let  there  be  a  cone  (fig.  12.)  which  has  the  point  A 
for  its  vertex,  and  the  circle  BDC  for  its  base,  let  it  be 
cut  through  the  point  A  by  any  plane  ;  and  let  the  sec¬ 
tions  made  in  the  surface  be  the  lines  AB,  AC,  and  the 
section  in  the  base  the  straight  (3.  11.  Elem.)  line  BC  ; 
ABC  is  a  triangle. 

For  since  the  straight  line  drawn  from  the  point  A  to 
B-,  is  both  in  the  cutting  plane  and  in  (21.  1.)  the  conical 
surface,  it  is  the  common  section  of  the  two ;  therefore 
the  section  AB  is  a  straight  line  :  for  a  like  reason,  the 
section  AC  is  a  straight  line  ;  and  BC  too  is  a  straight 
line ;  therefore  the  section  ABC  is  a  triangle. 

PROP.  XXIII.  (PROP.  4.  B.  1.  APOLL.) 

If  the  conical  surface  on  either  side  of  the  vertex  be 
cut  by  a  plane  parallel  to  the  circle  which  is  the 
base  of  the  cone;  the  common  section  of  this 
plane  with  the  conical  surface  is  a  circle  having  its 
centre  in  the  axis ;  and  the  figure  contained  by  this 
circle,  and  that  part  of  the  conical  surface  which 
is  intercepted  between  it  and  the  vertex,  is  a  cone. 
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Let  there  be  a  conical  surface  (fig.  1 3.)  the  vertex  of 
tvhich  is  A,  BC  being  the  circle  in  the  circumference  of 
which  the  straight  line  revolves  which  describes  the  sur¬ 
face  {  let  it  be  cut  by  any  plane  parallel  to  the  circle  BC* 
and  let  this  plane  make  in  it  a  section  DLE  :  the  line 
DLE  is  the  circumference  of  a  circle  the  centre  of  which 
is  in  the  axis.  Take  the  centre  of  the  circle  BC,  and  let 
it  be  F ;  join  AF ;  AF,  consequently,  is  (def.  10.)  the 
axis,  and  meets  the  cutting  plane  ;  let  it  meet  it  in  G ; 
hext^  let  any  plane  pass  through  the  same  AF  ;  and  the 
section  made  by  this  plane  will  be  (22.  1.)  a  triangle  AB 
C.  And  because  the  points  D,  G,  E  are  both  in  the  cut¬ 
ting  plane  DLE,  and  in  the  plane  ABC,  DGE  is  (3.  11. 
Elem.)  a  straight  line.  Again,  in  the  line  DLE  take  any 
point  H  ;  join  AH,  and  produce  it ;  AH  then  will  (21. 
1.)  meet  the  circumference  BC  ;  let  it  meet  it  in  K,  and 
join  GH,  FK:  and  because  the  two  parallel  planes  DLE, 
BC  are  cut  by  the  plane  ABC,  their  (16.  11.  Elem.) 
common  sections  with  it  are  parallels  :  DE,  consequent¬ 
ly,  is  parallel  to  BC  ;  and^  for  the  same  reason,  GH  is 
parallel  to  FK  :  therefore,  as  AF  to  (4.  6.  Elem.)  AG, 
so  is  FB  to  GD,  FC  to  GE,  and  FK  to  GH ;  and  the 
three  straight  lines  BF,  KF,  CF,  are  equal ;  therefore 
the  three  straight  lines  DG,  GH,  GE  (14.  5.  Elem.) 
are  also  equal.  After  the  same  manner  it  may  be  demon¬ 
strated,  that  any  other  straight  lines  whatever,  drawn 
from  the  point  G  to  the  line  DLE,  are  equal.  The  line 
DLE  is,  therefore,  the  circumference  of  a  circle  having 
its  ceiitre  G  in  the  axis.  Consequently  the  figure  con¬ 
tained  by  the  circle  DLE  and  that  part  of  the  conical  sur¬ 
face  which  is  intercepted  between  this  circle  and  the  point 
A,  is  a  cone. 

Cdr.  The  common  section  of  the  cutting  plane  and  the 
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triangle  passing  through  the  axis,  is  a  diameter  of  the  cir¬ 
cle  DLE. 

PROP.  XXIV.  (PROP.  5.  B.  1.  APOLL.) 

If  a  scalene  cone  cut  through  the  axis  by  a  plane  at 
right  angles  to  the  base,  be  cut  also  by  another 
plane  at  right  angles  to  the  triangle  passing  through 
the  axis  ;  if  this  other  plane  cuts  off,  towards  the 
vertex,  a  triangle  similar  to  the  triangle  through  the 
axis,  both  triangles  being  in  one  plane,  but  sub- 
contrarily  situated ;  the  section  made  in  the  cone 
by  this  other  plane  is  a  circle. 

Let  there  be  a  scalene  cone  (fig.  14.)  the  vertex  of 
which  is  the  point  A,  and  the  base  the  circle  BLC  ;  let  it 
be  cut  through  the  axis  by  a  plane  perpendicular  to  the 
base,  and  let  the  section  be  the  triangle  ABC  ;  let  it  be 
also  cut  by  another  plane  at  right  angles  to  the  triangle 
ABC  ;  and  let  this  other  plane  cut  off,  towards  the  ver¬ 
tex,  the  triangle  AGK  similar  to  the  triangle  ABC,  but 
*  subcontrarily  situated  ;  and  let  the  section  made  in  the 
surface  be  the  line  GHK:  this  line  is  the  circumference 
of  a  circle. 

In  the  lines  GHK,  BLC  take  certain  points  H,  L, 
From  which  let  perpendiculars  be  drawn  to  the  plane  of  the 
triangle  ABC ;  these  perpendiculars  will  (38.  11.  Elem.) 
fall  on  the  common  sections  of  the  planes :  accordingly, 
let  them  be  HF,  LM  :  HF,  therefore,  is  parallel  to  (6.  11. 
Elem.)  LM  :  next,  through  F  draw  DFE  parallel  to 

*  The  meaning  is  this  :  the  base  GK  is  to  be  so  placed,  that  it  may 
make  U>e  angle  AKG,  and  not  the  angle  AGK,  equal  to  the  angle  ABC. 
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BC :  the  plane,  therefore,  which  passes  through  FH, 
DE  is  parallel  to  the  (15.  11.  Elem.)  base  of  the  cone  ; 
and,  for  this  reason,  the  section  DHE  is  (23.  1.)  a  circle* 
of  which  DE  is  a  diameter:  the  rectangle,  therefore,  con¬ 
tained  by  DF,  FE  is  (35.  3.  Elem.)  equal  to  the  square 
of  FH.  And  since  ED  is  parallel  to  BC,  the  angle  ADE 
is  equal  to  the  angle  ABC  ;  and  the  angle  AKG  is  placed 
equal  to  the  angle  ABC  j  therefore  the  angle  AKG  is 
also  equal  to  ADE  :  and  the  angles  at  F  are  equal,  for  they 
are  opposite  vertical  angles ;  therefore  the  triangle  DFG 
is  similar  to  the  triangle  KFE  :  therefore  as  EF  to  FK, 
so  is  GF  to  FD  ;  therefore  the  rectangle  EFDis  equal  to 
the  rectangle  KFG.  But  the  rectangle  EFD  (that  is, 
the  rectangle  contained  by  DF,  FE)  has  been  proved  to 
be  equal  to  the  square  of  FH;  therefore  the  rectangle 
contained  by  KF,  FG  is  equal  to  the  same  square  of  FH. 
It  may,  in  like  manner,  be  demonstrated,  that  the  square 
of  any  straight  line  whatever,  drawn  from  the  line  GHK, 
so  as  to  be  perpendicular  to  GK,  is  equal  to  the  rectan¬ 
gle  contained  by  the  segments  into  which  that  straight 
line  divides  the  same  GK  :  the  section  GHK  is,  there- 
fore  a  circle  having  GK  for  a  diameter.^  A  section  of 
this  kind  may  be  named  a  subcontrary  section. 

PROP.  XXV. 

If  a  cone  cut  through  the  axis  by  a  plane,  be  cut 
likewise  by  another  plane,  cutting  its  base  in  the 
direction  of  a  straight  line  perpendicular  to  the 
base  of  the  triangle  passing  through  the  axis  ; 
and  if  the  common  section  of  the  triangle  through 

*  See  the  lemma  placed  at  the  end  of  this  book, 
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the  axis,  and  of  the  plane  cutting  the  base  of  the 
cone  in  the  direction  of  the  perpendicular,  be  pa¬ 
rallel  to  one  of  the  sides  of  the  triangle  through 
the  axis  ;  the  line  which  is  the  common  section  of 
the  plane  cutting  the  base,  and  of  the  conical  sur¬ 
face,  is  a  parabola,  having  for  a  diameter  the  straight 
line  which  is  the  common  section  of  the  triangle 
through  the  axis,  and  of  the  same  plane  cutting 
the  base. 

Let  there  be  a  cone  (fig.  15.)  the  vertex  of  which  is 
the  point  A,  and  the  base  the  circle  BC ;  let  it  be  cut 
through  the  axis  by  a  plane,  and  let  the  section  be  the 
triangle  ABC  ;  let  it  be  also  cut  by  another  plane,  cutting 
its  base  in  the  direction  of  the  straight  line  DE  perpen¬ 
dicular  to  the  straight  line  BC ;  let  the  line  DFE  be  the 
section  made  in  its  surface ;  and  let  FG,  the  common 
section  of  the  triangle  through  the  axis,  and  that  other 
plane,  be  parallel  to  AC,  one  of  the  sides  of  that  trian¬ 
gle:  the  line  DFE  is  a  parabola,  and  FG  one  of  its  dia¬ 
meters. 

In  the  section  DFE  take  any  point  H,  and  through  H 
draw  HK  parallel  to  DE  to  meet  FG  in  K  ;  and  through 
K  draw  LM  parallel  to  BC  :  therefore  the  plane  pass¬ 
ing  through  HK,  LM  is  (15.  11.  Elem.)  parallel  to  the 
plane  through  DE,  BC,  that  is,  to  the  base  of  the  cone  : 
and,  consequently,  the  plane  through  HK,  LM  is  a  (23. 1.) 
circle,  of  which  LM  is  a  diameter.  But  HK  is  perpen¬ 
dicular  to  LM,  (10.  11.  Elem.)  because  DE  is  perpendi¬ 
cular  to  BC  :  therefore  the  rectangle  LKM  is  equal  to  the 
square  of  HK  (35.  3.  Elem.)  and,  in  like  manner,  the 
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rectangle  BGC  is  equal  to  the  square  of  DG:  therefore 
the  square  of  DG  is  to  the  square  of  HK,  as  the  rectangle 
BGC  to  the  rectangle  LKM  ;  and  GC  is  equal  to  KM  ; 
therefore  the  rectangle  BGC  is  to  the  rectangle  LKM,  as 
BG  to  LK,  that  is,  as  GF  to  KF  :  therefore  the  square 
of  DG  is  to  the  square  of  HK  as  the  straight  line  GF  to 
the  straight  line  KF.  Let,  therefore,  a  parabola  (19.  1.) 
be  described,  which  may  have  GF  for  a  diameter,  and  F 
for  the  vertex  of  GF,  and  in  which  DG  may  be  ordinate- 
ly  applied  to  the  same  GF  :  and  because  the  point  D,  by 
construction,  is  in  the  parabola  described,  the  point  H  is 
likewise  in  this  same  parabola  ,(2.  cor.  13.  L)  And  the 
same  thing  may  be  demonstrated  with  regard  to  all  the 
points  of  the  section  DFE. 

THE  SECOND  LEMMA  OF  PAPPUS,  AS  IT  IS  EXTANT  IN 
THE  FIRST  BOOK  OF  APOLLONIUS’  CONIC  SECTIONS. 

Let  ABC  be  a  line  (fig.  16.  )  and  let  AC  be  a  straight 
line  given  in  position ;  and  let  all  the  straight  lines 
drawn  from  the  line  ABC,  so  as  to  be  at  right  an¬ 
gles  to  AC,  be  such,  that  each  of  them  may  have 
its  square  equal  to  the  rectangle  contained  by  the 
segments,  into  which  it  cuts  AC ;  ABC  is  the  cir¬ 
cumference  of  a  circle,  and  AC  a  diameter  of  that 
circle. 

From  the  points  D,  B,  E  draw  perpendiculars  DF, 
BG,  EH  :  then  the  square  of  DF  is  equal  to  the  rectan¬ 
gle  AFC,  the  square  of  BG  to  the  rectangle  AGC,  and 
the  square  of  EH  to  the  rectangle  AFIC.  Bisect  AC  in 
K,  joining  KD,  KB,  KE  :  then,  since  the  rectangle  AFC, 
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together  with  the  square  of  FK,  is  equal  (5.  2.  Elem.)  to 
the  square  of  AK,  and  that  the  square  of  DF  is,  by  hy¬ 
pothesis,  equal  to  the  rectangle  AFC  ;  the  square  of  DF, 
together  with  the  square  of  FK,  is  equal  to  the  square 
ofAK:  therefore  the  square  of  DK  (47.  1.  Elem.)  is 
equal  to  the  same  square  of  AK  :  AK,  therefore,  is  equal 
to  KD.  In  like  manner,  each  of  the  straightlines  BK,  EK 
may  be  proved  to  be  equal  to  AK  or  KC  ;  therefore  ABC 
is  the  circumference  of  a  circle  which  has  the  point  K  for 
its  centre,  and  is  described  about  AC  as  a  diameter. 
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OF  THE  ELLIPSIS. 


DEFINITIONS. 

/ 

I.  IF  in  two  points  D,  E,  taken  in  aplane(fig.  1.  n.  1.) 
are  fixed  the  ends  of  a  string,  the  length  of  which  is  greater 
than  the  distance  between  these  points  ;  and  if  the  point 
of  a  pin  H  applied  to  the  string,  and  held  so  as  to  keep  it 
uniformly  tense,  be  moved  round,  till  it  return  to  the  place 
from  whence  the  motion  began  :  the  point  of  the  pin,  as 
it  moves  round,  describes  upon  the  plane  a  line  called  the 
Ellipsis. 

II.  The  points  D,  E  are  named  the  foci . 

III.  The  point  C  which  bisects  the  straight  line  be¬ 
tween  the  foci,  is  named  the  centre  of  the  ellipsis. 

IV  A  straight  line  passing  through  the  centre,  and 
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terminated  both  ways  by  the  ellipsis,  is  named  a  diameter  ; 
and  the  points  where  a  diameter  meets  the  ellipsis,  are 
named  the  vertices  of  that  diameter. 

V.  The  diameter  which  passes  through  the  foci,  is 
named  the  greater  axis . 

VI.  The  diameter  perpendicular  to  the  greater  axis,  is 
named  the  lesser  axis . 

VII.  Two  diameters,  each  of  which  bisects  all  straight 
lines  in  the  ellipsis  that  are  parallel  to  the  other,  are  nam¬ 
ed  conjugate  diameters. 

VIII.  A  straight  line  not  passing  through  the  centre, 
but  terminated  both  ways  by  the  ellipsis,  and  bisected  by 
a  diameter,  is  said  to  be  ordinately  applied  to  that  diame¬ 
ter,  or  it  is  named,  simply,  an  ordinate *  to  that  diameter. 
Also  a  diameter  parallel  to  a  straight  line  ordinately  ap¬ 
plied  to  another  diameter,  is  said  to  be  ordinately  applied 
to  that  other  diameter. 

IX.  A  third  proportional  to  two  conjugate  diameters 
is  called  the  latus  rectum ,  or  the  parameter ,  of  that  dia¬ 
meter,  which  is  the  first  of  the  three  proportionals. 

X.  A  straight  line  which  meets  the  ellipsis  only  in  one 
point,  is  said  to  touch  it  in  that  point. 

*  The  half  of  this  line,  or  the  segment  intercepted  between  the  dia¬ 
meter  and  curve,  is  usually  termed  an  ordinate.  The  word  is  repeat¬ 
edly  used  by  Dr.  Simson  himself.  See  propositions  22  and  23  of  this 
book ;  and  48  book  3. 
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PROP.  I.  THEOR. 

If  two  straight  lines  be  drawn  from  any  point  in  m 
ellipsis  to  the  foci,  they  are  together  equal  to  the 
greater  axis. 

The  two  straight  lines  HD,  HE  (fig.  1.)  drawn  from 
H,  a  point  in  an  ellipsis,  to  the  foci  D,  E,  are  together 
equal  to  AB  the  greater  axis. 

Because  H  is  a  point  in  the  ellipsis,  HD,  HE  are  to¬ 
gether  equal  to  the  length  of  the  string  with  which  it  is 
described ;  and  because  the  point  A  is  likewise  in  the 
ellipsis,  DA,  EA  are  together  equal  to  the  length  of  the 
string.  For  a  like  reason,  EB,  DB  are  together  equal 
to  the  same  length:  DA,  EA  are,  therefore,  equal  to 
EB,  DB.  Take  away  the  common  part  DE,  and  the 
remainder,  to  wit,  twice  AD,  will  be  equal  to  the  re¬ 
mainder  twice  EB  :  AD, therefore, is  equal  to  EB.  Add 
the  common  part  AE  ;  and  AD,  together  with  AE,  will 
be  equal  to  the  greater  axis  :  but  AD,  together  with  AE, 
is  equal  to  the  length  of  the  string,  that  is,%to  HD  to¬ 
gether  with  HE  ;  therefore  HD  and  HE  are  together 
equal  to  the  greater  axis  AB. 

Cor.  1.  The  greater  axis  is  bisected  in  the  centre  C> 
For  since  (def.  3.)  DC  is  equal  to  EC,  and  that  DA  is 
equal  to  EB  ;  AC  is  equal  to  CB. 

Cor.  2.  Two  straight  lines  drawn  from  a  point  without 
an  ellipsis  to  the  foci,  are  together  greater  than  the  great- 
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er  axis  ;  but  if  drawn  from  a  point  within  an  ellipsis  to 
the  foci,  they  are  (21.  1.  Elem.)  together  less  than  that 
axis. 

Cor.  3.  A  point  is  either  in,  without,  or  within,  an  el¬ 
lipsis,  according  as  two  straight  lines  drawn  from  it  to  the 
foci  are  either  equal  to,  greater,  or  less,  than  the  greater 
axis.  \ 

Cor.  4.  The  distance  of  either  vertex,  F  or  G,  of  the 
lesser  axis,  from  either  of  the  foci,  is  equal  to  half  the 
greater  axis.  Join  GD,  GE  :  then,  because  CD  is  equal 
to  CE,  and  CG  common,  and  the  angles  at  C  right  an- 
,  glesjthe  triangle  CDG  is  equal  to  the  triangle  CEG  ; 
therefore  DG  is  equal  to  EG  :  but  DG  and  EG  are  to¬ 
gether  equal  to  the  greater  axis  ;  therefore  each  of  them 
is  equal  to  the  half  of  it. 

Cor.  5.  The  lesser  axis  FG  is  bisected  in  the  centre. 
Draw  straight  lines  DF,  DG  from  the  focus  D  to  the  ver¬ 
tices  of  the  lesser  axis  ;  then  DF,  DG,  by  the  preceding 
corollary,  will  be  equal:  the  angle  DFC  is,  therefore, 
equal  to  DGC,  and  (def.  6.)  DCF,  DCG  are  right  angles  ; 
therefore  CF  is  (26.  1.  Elem.)  equal  to  CG. 

PROP.  II.  THEOR. 

The  square  of  half  the  lesser  axis  is  equal  to  the 
rectangle  contained  by  the  segments  of  the  great¬ 
er  axis,  intercepted  between  the  vertices  of  that 
axis  and  either  of  the  foci. 
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From  either  focus  as  E  (fig.  1.)  to  either  vertex  of  the 
lesser  axis  as  G,  draw  the  straight  line  GE  ;  let  C  be  the 
centre  of  the  ellipsis,  and  A,  B  the  vertices  of  the  greater 
axis:  then  the  squares  of  GC,  CE  are  together  equal  to 
the  square  of  GE,  that  is,  to  the  square  (4.  cor.  1.  2.)  of 
CB,  that  is,  to  the  rectangle  AEB  together  with  the  square 
of  EC  (5.  2.  Elem.)  take  away  the  common  square  of 
CE,  and  the  remaining  square  of  GC  will  be  equal  to  the 
remaining  rectangle  AEB. 

PROP.  III.  THEOR. 

Every  diameter  of  an  ellipsis  is  bisected  in  the  centre. 

Let  HK  (fig.  2.)  be  a  diameter ;  it  is  bisected  in  the 
centre  C  :  for  if  CK  be  not  equal  to  CH,  let  Ck  be  equal 
to  CH  ;  and  from  the  points  H,  K,  k  draw  straight  lines  to 
the  foci  D,  E  :  then,  because  CD  is  equal  to  CE,  and 
that  Ck  is  made  equal  to  CH  ;  the  triangle  DCH  is  (4.  1. 
Elem.)  equal  to  the  triangle  ECi,  and  the  base  DH  to 
the  base  EL  In  the  same  manner,  EH  is  shown  equal 
to  Di :  therefore  E^,  Di  are  together  equal  to  DH  and 
HE  together,  that  is,  to  EK  and  DK  together:  which  is 
(21.  1.  Elem.)  absurd  ;  therefore  CH  is  equal  to  CK. 

PROP.  IV.  THEOR. 

If  a  straight  line  be  drawn  from  a  point  in  an  ellipsis, 
at  right  angles  to  the  greater  axis  ;  and  if  another 
straight  line  be  drawn  from  the  same  point  to  the 
nearest  focus ;  half  the  greater  axis  is  to  the  dis¬ 
tance  of  this  focus  from  the  centre,  as  the  distance 
between  the  centre  and  the  perpendicular  is  to  the 
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excess  of  half  the  greater  axis  above  the  straight 
line  drawn  to  this  same  focus. 

From  H,  a  point  in  an  ellipsis  (fig.  1.  n.  1.  2.)  let  HK 
he  drawn  perpendicular  to  the  greater  axis  AB,  HE  being 
drawn  from  the  same  point  to  the  focus  E  :  then  CB, 
the  half  of  the  greater  axis,  is  to  CE,  the  distance  of  the 
focus  E  from  the  centre,  as  CK,  the  distance  between  the 
centre  C,  and  the  perpendicular  HK,  is  to  the  excess  of 
CB  above  HE. 

Having  made  BL  equal  to  EH,  and  drawn  HD  to  the 
other  focus,  describe  from  the  centre  H,  distance  HE, 
a  circle  meeting  the  axis  AB  again  in  0,and  the  straight 
line  DH  in  the  points  M,  N  :  then,  because  DE  is  the 
double  of  CE,  and  OE  the  double  of  (3.  3.  Elem.)  KE, 
the  whole,  or  the  remainder,  DO,  is  double  the  whole,  or 
the  remainder,  CK :  and  because  DN  is  equal  to  DH  to¬ 
gether  with  HE,  that  is,  to  (1.  2.)  AB,  therefore  DN  is 
the  double  of  CB  :  but  MN  is  the  double  of  HE  or  LB  ; 
therefore  the  remainder  DM  is  double  the  remainder 
CL  :  and  because  of  the  circle,  the  rectangle  NDM  is 
(cor.  36.  3.  Elem.)  equal  to  the  rectangle  EDO  ;  there¬ 
fore,  as  (16.  6.  Elem.)  ND  or  AB  to  DE,  so  is  DO  to 
DM  :  but  the  halves  of  magnitudes  have  the  same  ratio 
to  one  another  which  the  wholes  have  :  as  therefore  CB 
to  CE,  sois  CK  to  CL,  the  excess  of  CB  above  LB, 
or  HE. 

Cor.  If  in  a  straight  line  AB  (fig.  1.  n.  1.)  given  in 
position  and  magnitude,  and  bisected  in  C,  a  point  E  be 
taken  between  the  points  B,  C ;  and  from  a  point  H, 
KH  be  drawn  perpendicular  to  AB  ;  and  HE  be  joined 
;;nd  BL  placed  equal  to  it  towards  the  point  C  -f  and  if 


S300K.  II. 


THE  ELLIPSIS. 


53 


CL,  CK,  CE,  BC  be  proportionals,  and  L,  K  be  on  the 
same  side  of  C ,  the  point  H  is  in  an  ellipsis  given  in  po¬ 
sition,  that  is,  in  an  ellipsis  that  has  AB  for  the  greater 
axis,  and  the  point  E  for  one  of  the  foci. 

Make  AD  equal  to  BE,  and*  as  directed  in  the  first 
definition,  describe  an  ellipsis  that  shall  have  AB  for  the 
greater  axis,  and  the  points  D,  E  for  the  foci ;  the  point 
H  will  be  in  that  ellipsis  ;  for,  if  not,  let  KH  meet  the  el¬ 
lipsis  in  the  point  Q;  join  EQ,  and  make  BR  equal  to 
it :  therefore,  by  the  proposition,  as  CR  to  CK,  so  is  CE 
to  GB :  but,  by  hypothesis,  CL  is  to  CK  as  CE  to  CB  ; 
therefore  CR  is  to  CK  as  CL  to  CK  :  CL,  therefore,  is 
equal  to  CR  ;  which  is  absurd  :  the  ellipsis,  therefore, 
meets  not  the  straight  line  KH  in  Q  ;  nor,  as  may  in  like 
manner  be  proved,  does  it  meet  HK  in  any  other  point  on 
the  same  side  of  AB  than  the  point  H.  Therefore  the 
point  H  is  in  the  ellipsis* 

•  » 

'  y  *  Y 

PROP.  y.  THEOR. 

The  same  construction  remaining  (fig.  1.  n.  1.  2.)  if 
from  the  vertex  of  the  greater  axis  nearest  to  H,  the 
part  BL  be  taken  equal  to  the  distance  of  H  from 
the*  focus  E ;  the  square  of  the  perpendicular  HIC 
is  equal  to  the  excess  of  the  rectangle  AKB,  con¬ 
tained  by  the  segments  into  which  the  axis  is  di¬ 
vided  in  the  point  K,  above  the  rectangle  DLE, 
contained  by  the  segments  into  which  the  distance 
of  the  foci  is  divided  in  the  point  L. 
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For  since  the  straight  line  CB  is  cut  into  any  two  parts 
in  the  point  L,  the  squares  ofBC,  CL  are  together  equal 
(7.  2.  Elem.)  to  twice  the  rectangle  BCL,  together  with 
the  square  of  BL,  that  is,  to  twice  (preced.  prop,  and  16* 
6.  Elem.)  the  rectangle  ECK,  together  with  the  square  of 
BL,  or  HE,  that  is,  to  twice  the  rectangle  ECK,  together 
with  the  squares  of  KE,  KH,  that  is,  to  the  (7.  2.  Elem.) 
squares  of  EC,  CK,  and  KH  together:  the  squares, 
therefore,  of  BC,  CL  are  together  equal  to  the  squares  of 
EC,  CK,  and  KH  together :  but  the  squares  of  BC,  CL 
are  together  equal  (5.  2.  and  2.  ax.  Elem.)  to  the  rectan¬ 
gle  AKB,  together  with  the  squares  of  CK,  CL  ;  and  the 
squares  of  EC,  CK,  and  KH  are  together  equal  (5.  2.  and 
2.  ax.  Elem.)  to  the  rectangle  DLE,  together  with  the 
squares  of  CL,  CK,  KH  ;  therefore  the  rectangle  AKB, 
together  with  the  squares  of  CK,1  CL,  are  equal  to  the 
rectangle  DLE,  together  with  the  squares  of  CL,  CK, 
KH  :  from  these  equals  take  away  the  common  squares 
of  CK,  CL,  and  there  will  remain  the  rectangle  AKB, 
equal  to  the  rectangle  DLE,  together  with  the.  square  of 
HK  ;  therefore  the  square  of  KH  is  the  excess  of  the 
rectangle  AKB  above  the  rectangle  DLE. 

PROP.  VI.  THEOR. 

If  a  straight  line  be  drawn  from  a  point  of  an  ellipsis, 
perpendicular  to  either  axis;  the  square  of  that 
axis  is  to  the  square  of  the  other  axis,  as  the  rec¬ 
tangle  contained  by  the  segments  of  the  first 
mentioned  axis  is  to  the  square  of  the  perpendi¬ 
cular,  ; 
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In  the  ellipsis  let  H  (fig.  1.  n.  1.  2.)  be  the  point  from 
which  the  straight  line  is  drawn  perpendicular  to  either 
axis,  &c. 

First,  let  HK  be  perpendicular  to  AB  the  greater  axis  ; 
the  square  of  AB  is  to  the  square  of  FG  as  the  rectangle 
AKB  to  the  square  of  HK.  Having  drawn  to  the  foci 
D,  E  two  straight  lines  HD,  HE,  place,  from  the  vertex 
of  the  greater  axis,  and  towards  the  centre  C,  the  straight 
line  BL  equal  to  FIE  the  lesser  of  them;  and  because 
CB,  CE^  CK,  CL  are  (4.2.)  proportionals,  their  squares 
are  also  proportionals  :  but  the  square  of  CB  is  (5.  2. 
Elem.)  made  up  of  the  square  of  CK  and  the  rectangle 
AKB  ;  and  the  square  of  CE  of  the  (5.  2.  Elem.)  square 
of  CL  and  the  rectangle  DLE  ;  therefore  the  square  ol 
CB  is  (4.  of  this  and  19.  5.  Elem.)  to  the  square  of  CE, 
as  the  remaining  rectangle  AKB  to  the  remaining  rectangle 
DLE;  and,  by  conversion,  the  square  of  CB  is  (5.2.  Elem.) 
to  the  rectangle  AEB,  as  the  rectangle  AKB  to  its  excess 
above  the  rectangle  DLE,  that  is,  as  the  rectangle  AKB 
to  (preceding  prop.)  the  square  of  KH  :  but  (2.  2.)  the 
rectangle  AEB  is  equal  to  the  square  of  CF  :  therefore, 
as  the  square  of  CB  to  the  square  of  CF,  so  is  the  rec¬ 
tangle  AKB  to  the  square  of  KH  ;  the  square,  therefore, 
of  AB  is  to  that  of  FG,  as  the  rectangle  AKB  to  the 
square  of  HK.  y 

In  the  other  case  (fig.  1.  n.  1.  2.)  let  HP,  be  perpen¬ 
dicular  to  the  lesser  axis ;  the  square  of  FG  is  to  the 
square  of  AB,  as  the  rectangle  GPF  to  the  square  of  HP. 
The  square  of  CB,  as  hath  been  proved,  is  to  the  square 
of  CF,  as  the  rectangle  AKB  to  the  square  of  HK  or 
PC  :  therefore  tl\e  square  of  CF  (prop.  B.  and  19.  5, 
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Elem.)  is  to  the  square  of  CB,  as  the  rectangle  FPG  to 
the  square  of  CK,  that  is,  as  the  rectangle  FPG  to  the 
square  of  HP. 

Cor.  1.  Hence  the  squares  of  straight  lines  drawn 
from  points  of  an  ellipsis  perpendicular  to  either  axis, 
are  to  one  another  as  the  rectangles  contained  by  the  seg¬ 
ments  of  that  axis.  .  For  let  HM  (fig.  2.)  PQ  be  per¬ 
pendicular  to  the  axis  AB  in  M  and  Q  ;  and,  by  the  pro¬ 
position,  the  rectangle  AMB  is  to  the  square  of  HM  as 
*he  square  of  AB  to  the  square  of  FG,  that  is,  as  the  rec¬ 
tangle  AQB  to  the  square  of  PQ ;  and,  alternately,  the 
rectangle  AMB  is  to  the  rectangle  AQB,  as  the  square 
of  HM  to  the  square  of  PQ, 

Cor.  2.  If  a  circle  be  described  upon  either  axis  as  a 
diameter,  and  MH  (fig.  2.)  QP  perpendiculars  to  that 
axis,  meet  the  circumference  in  the  points  N,  R ;  these 
perpendiculars  between  the  axis,  and  the  circumference 
of  the  circle,  are  to  one  another  as  their  segments  be¬ 
tween  the  axis  and  the  ellipsis:  for  the  rectangles  AMB, 
AQB  are  equal  (35.  3.  Elem.)  to  the  squares  of  MN, 
QR,  each  to  each:  therefore  the  square  of  MN  is  to  the 
square  of  QR,  as  the  square  of  MH  to  the  square  of 
QP  ;  consequently  the  straight  lines  MN,  QR,  MH,QP 
themselves  are  also  (22.  6.  Elem.)  proportionals. 

PROP.  VII.  THEOR. 

[Every  straight  line  terminated  both  ways  in  an  ellip¬ 
sis,  and  parallel  to  either  axis,  is  bisected  by  the 
other  axis;  or,  what  is  the  same  thing,  the  axes 
are  conjugate  diameters, 
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Let  HL  (fig.  2.)  be  parallel  to  the  axis,  FG,  and  meet 
the  other  axis  AB  in  M,  and  the  circle  described  upon 
AB  in  the  points  N,  O  ;  then,  as  MN  to  MO  (2.  cor. 
preceding  prop.)  so  is  MH  to  ML  :  and  because  NO  is 
cut  at  right  angles  by  AB,  MN  is  equal  to  (3.  3.  Elem.) 
MO  ;  therefore  MH  is  also  equal  to  ML. 

> 

PROP,  VIII.  THEOR.  / 

Every  straight  line  terminated  both  ways  in  an  ellip¬ 
sis,  and  bisected  by  one  axis,  is  parallel  to  the 
other. 

If  the  straight  line  HP  is  bisected  in  S  (fig.  2.)  by  the 
axis  FG,  it  is  parallel  to  the  other  axis  AB.  Draw  HM, 
PQ  parallel  to  FC,  and  let  them  meet  the  circle  describ¬ 
ed  upon  AB  in  the  points  N,  R  :  then,  because  HM,  FC, 
PQ  are  parallels,  as  IIS  to  SP,  so  is  MC  to  CQ:  but 
HS  is  equal  to  SP  ;  therefore,  also,  MC  is  equal  to  CQ; 
consequently  MN  is  (14.  3.  Elem.)  equal  to  QR  ;  and. 
therefore  HM  is  equal  to  (2.  cor.  6.  2.)  PQ :  but  HM 
is  also  parallel  to  PQ ;  therefore  HP  is  (33.  1.  Elem.) 
parallel  to  MQ. 

Cqr.  Hence  straight  lines  HM,  PQ,  parallel  to  either 
axis  FG,  and  which  cut  off  between  the  centre  and  the 
points  where  they  terminate  in  the  other  axis,  equal  seg¬ 
ments  MC,  QC  of  this  other  axis,  are  equal  to  each 
Other  :  and,  on  the  contrary,  if  HM,  PQ  be  equal  to  each 
other,  and  parallel  to  either  axis,  they  cut  off  (2.  cor.  6. 
2.  and  14.  3.  Elem.)  equal  segments  MC,  QC  of  the  other 
axis. 
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PROR.  IX.  THEOR. 

Of  all  diameters  the  greater  axis  is  the  greatest,  and 
the  lesser  axis  the  least ;  and  a  diameter  which  is 
nearer  to  the  greater  axis,  is  greater  than  one 
more  remote. 

Let  CB  (fig.  2.)  be  half  the  greater  axis,  and  FC  hall 
the  lesser  ;  let  CHbe  any  other  semi-diameter,  and  draw 
HM  at  right  angles  to  CB  :  and  because  the  square  of 
CB  is  to  the  square  of  CF  as  the  rectangle  AMB  to  the 
square  of  HM,  and  that  (4.  cor.  1.  2.)  CB  is  greater  than 
CF ;  therefore  the  rectangle  AMB  is  greater  than  the 
square  of  HM  :  to  these  unequals  add  the  common 
square  of  CM  ;  and  the  square  of  CB  (5.  2.  Elem.)  will 
be  greater  than  that  of  CH  (47. 1.  Elem.)  and  consequent¬ 
ly  the  straight  line  CB  will  be  greater  than  CH.  Next 
draw  HS  at  right  angles  to  the  lesser  axis,  and  it  may, 
in  the  same  manner,  be  demonstrated,  that  CF  is  less 
than  CH  :  therefore,  of  all  semi-diameters,  CB  is  the 

■re* 

^  greatest,  and  CF  the  least. 

Let  now  CT  (fig.  2.)  be  more  remote  from  the  greater 
f  axis  than  CH  ;  and  then  CH  will  be  greater  than  CT : 
draw  TV  parallel  to  HM,  and  let  it  meet  AB  in  V,  and 
the  ellipsis  again  in  X,  and  let  HZ  be  parallel  to  MV, 
and  make  CQ,  equal  to  CM. 

Because  the  rectangle  AVB,  which  consists  of  the  * 

*  This  is  demonstrated  in  prop.  31.  book  7.  of  Pappus  Alexandrinus. 
The  proposition  is  to  this  purpose:  (See  fig.  2.  of  this  book.)  "  If  in  a 
straight  line  AB  two  equal  straight  lines  AQ^,  BM  be  taken,  and  also 


BOOK  IL 


THE  ELLIPSIS. 


59 


rectangles  AMB  and  QVM,  is  to  the  square  of  VT,  which 
{5.  2.  Elem.)  is  made  up  of  the  square  VZ  and  rectangle 
TZX,  as  (1.  cor.  6.  2.)  the  rectangle  AMB  to  the  square 
of  MH  or  VZ  ;  the  whole  the  rectangle  AVB,  is  to  the 
whole  the  square  of  VT,  as  (19.  5.  Elem.)  the  remaining 
rectangle  QVM  to  the  remaining  rectangle  TZX  :  but 
the  rectangle  AVB  is  (6.  of  this  and  prop.  A.  5.  Elem.) 
greater  than  the  square  of  VT ;  therefore  the  rectangle 
QVM  is  also  greater  than  TZX.  To  these  unequals  add 
the  square  of  CV,  and  the  square  of  CM  (5.  2.  Elem.) 
will  be  greater  than  the  rectangle  TZX  together  with  the 
square  of  CV.  Superadd  to  the  same  unequals,  the 
square  of  MH  or  ZV,  and  the  squares  of  CM,  MH  to¬ 
gether,  will  be  greater  than  the  squares  of  VT,  VC  to¬ 
gether  ;  that  is,  the  square  of  CH  is  greater  than  the 
square  of  CT  ;  and  therefore  CH  is  greater  than  CT. 

LEMMA  I. 

If  a  point  A  (fig.  3.  4.)  be  taken  in  a  straight  line 
AE,  and  two  parallels  BC,  DE  be  drawn  on  the 
same  side  of  AE,  and  on  the  same  side  of  the 
point  A,  or  on  the  contrary  sides  of  AE,  and  on 
the  contrary  sides  of  the  point  A ;  if  these  paral¬ 
lels  have  the  same  ratio  to  each  other,  as  the  seg- 

any  point  V  between  Qand.  M  ;  the  rectangle  AVB  is  equal  to  the  rec¬ 
tangles  AMB,  QVM  together.”  For  AB  being  bisected  in  C,  the  rec¬ 
tangle  AVB,  together  with  the  square  of  CV,  is  (5.  2.  Elem.)  equal  to 
the  square  of  CB,  that  is,  to  the  rectangle  AMB,  together  with  the 
square  of  CM  (5.  2.  Elem.)  that  is,  to  the  rectangle  AMB,  together  with 
the  rectangle  QVM,  and  the  square  of  CV  (5.  2.  Elem.)  Take  away 
the  common  square  of  CV,  and  the  remaining  rectangle  AVB  is  equal 
to  bqth  the  remaining  rectangles  AMB,  QVM. 
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merits  of  AE,  which  are  intercepted  between  then! 
and  the  point  A  ;  the  extremities  B,  D  of  the  pa¬ 
rallels  and  the  point  A  are  in  the  same  straight 
line. 

In  the  one  case  (fig.  3.)  complete  the  parallelograms 
AB,  AD  ;  these  are  similar,  and  have  the  angle  at 
A  common :  consequently  they  are  about  the  same 
(26.  6.  Elem.)  diameter,  that  is,  the  points  A,  B,  D  are 
in  the  same  straight  line. 

In  the  other  case  (fig.  4.)  join  BA,  DA  :  and  because 
BC  is  to  CA  as  DE  to  E  A,  and  the  angle  BCA  equal  to 
DEA,  the  triangles  ABC,  ADE  are  equiangular  (.6.  6. 
Elem.)  consequently  the  angle  EAD  is  equal  to  the  an¬ 
gle  CAB  :  and,  therefore  AB,  AD  make  (14.  1.  Elem.) 
one  straight  line. 

LEMMA  II. 

If  two  parallel  straight  lines  (fig.  5.  6.  7.  8.)  AC,  BD 
be  drawn  from  two  points  A,  B,  and  other  two  pa¬ 
rallels  AE,  BF,  from  the  same  points,  either  coin¬ 
ciding  or  not  coinciding  with  the  parallels  AC,  BD , 
and  having  the  same  ratio  to  each  other  as  the  pa¬ 
rallels  AC,  BD,  and  lying  on  the  same  side  of  AB, 
or  on  the  contrary  sides  of  it,  according  as  the  paral¬ 
lel  AC,  BD  are  on  the  same  side  of  AB  or  on  the 
contrary  sides  of  it :  and  if  a  straight  line  be  drawn 
either  through  the  extremities  of  the  two  first,  or  two 
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last  of  these  parallels,  the  point  G  where  it  meets 
AB,  is  in  the  same  straight  line  with  the  extremi¬ 
ties  of  the  other  twro  parallels. 

Let  a  straight  line  be  drawn,  for  example,  through  C 
D  the  extremities  of  the  parallels  AC,  BD,  and  let  it 
meet  the  straight  line  AB  in  the  point  G;  the  extremi¬ 
ties  E,  F  of  the  other  two  parallels  AE,  BF,  and  the 
point  G,  are  in  the  same  straight  line.  For  since  the 
triangles  AGC,  BGD  are  equiangular,  AG  is  to  BG  as 
AC  to  BD  :  but  AC  is  to  BD  (by  hypothesis)  as  AE  to 
BF  ;  therefore  AG  is  to  BG  as  AE  to  BF  :  consequent¬ 
ly,  by  the  preceding  lemma,  the  points  G,  E,  F  are  in 
one  and  the  same  straight  line.  In  like  manner,  if  a 
straight  line  be  drawn  through  the  extremities  E,  F  of 
the  parallels  AE,  BF  the  point  where  it  meets  AB;  and 
the  extremities  C,  D  of  the  other  two  parallels,  are  in  the 
same  straight  line. 


LEMMA  III. 

The  same  things  being  still  supposed  (fig.  9.  10.  11.) 
which  are  supposed  in  the  second  lemma,  if  through 
the  extremities  of  either  of  the  two  parallels  two 
straight  lines  be  drawn  parallel  to  each  other,  and 
intersecting  AB ;  the  straight  lines  that  join  the 
two  points  of  intersection,  and  the  corresponding 
extremities  of  the  other  two  parallels,  are  likewise 
parallel. 

For  example,  let  CH,  DK  be  drawn  parallel  to  each 
other  through  the  extremities  C,  D,  of  the  parallels  AC, 
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BD ;  and  let  them  meet  AB  in  the  points  H,  K  ;  the 
straight  lines  EH,  FK,  which  join  the  extremities  of  the 
other  two  parallels  AE,  BF,  and  the  corresponding  points 
H,  K  in  the  straight  line  AB,  are  likewise  parallel. 

Because  both  AC,  BD,  and  CH,  DK,  are  parallels,  the 
triangles  ACH,  BDK  are  equiangular;  therefore  AH  is 
to  BK  as  AC  to  BD,  that  is,  by  hypothesis,  as  AE  to 
BF ;  and  the  angle  EAH  is  equal  to  FBK  :  therefore 
the  triangle  AFIE  (6.  6.  Elem.)  is  equiangular  to  BKF : 
therefore  the  angle  AHE  is  equal  to  BKF  ;  and  conse¬ 
quently  EH  is  (27.  and  28.  1.  Elem.)  parallel  to  FK. 

PROP.  X.  THEOR. 

If  from  any  point  of  an  ellipsis  E  (fig.  12.)  which  is 
not  the  vertex  of  either  axis,  a  straight  line  EF  be 
drawn  parallel  to  either  axis  CD,  meeting  a  circle 
described  upon  the  other  axis  in  the  point  G,  and  if 
another  straight  line  be  drawn  touching  the  circle 
in  the  point  where  the  parallel  meets  it ;  this  other 
straight  line  meets  the  common  diameter  of  the  el¬ 
lipsis  and  the  circle  ;  and  a  straight  line  drawn  frpm 
the  point  where  it  meets  that  diameter,  to  the  point 
E  in  the  ellipsis,  touches  the  ellipsis :  also  a 
straight  line  which  is  drawn  through  the  vertex  of 
either  axis  parallel  to  the  other  axis,  touches  the  el¬ 
lipsis. 

Let  AB  be  the  other  axis  of  the  ellipsis,  and  C  the 
centre  of  the  ellipsis  and  circle,  and  join  CG ;  let  GN 
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touch  the  circle  in  G,  and  meet  the  common  diameter  AB 
in  H  ;  the  straight  line  that  joins  the  point  H  and  the 
point  E  taken  in  the  ellipsis,  touches  the  ellipsis. 

Because  CGN  is  a  right  angle,  and  GCB  less  than  the 
right  angle  DCB  :  GN,  CB  will  necessarily  meet:  let 
them  meet  in  H,  and  join  HE  ;  HE  will  touch  the  ellipsis 
in  the  point  E  :  for  if  not,  let  it,  if  possible,  meet  the  el¬ 
lipsis  again  in  K,  and  through  K  draw  a  straight  line 
parallel  to  EF,  to  meet  AB  in  L,  and  the  circle  in  M: 
then,  because  EF  is  to  KL  as  GF  to  ML  (2.  cor.  6.  2.) 
and  that  the  points  H,  K,  E  are  in  one  straight  line  ;  the 
points  H,  M,  G  are  likewise  in  one  (lemma  2.)  straight 
line  :  therefore  the  straight  line  HG  meets  the  circle  in 
two  points  G  and  M  :  but,  by  hypothesis,  the  same  HG 
touches  the  circle  ;  which  is  absurd :  therefore  HE  meets 
the  ellipsis  no  where  but  in  the  point  E  ;  and  consequent* 
ly  touches  it  in  this  point. 

Next,  through  D  (fig.  12.)  the  vertex  of  either  axis 
CD,  let  a  straight  line  be  drawn  parallel  to  the  other  axis 
AB  ;  this  straight  line  touches  the  ellipsis  :  for  if  not,  it 
will  meet  the  ellipsis  in  more  points  than  one,  let  it,  if 
possible,  meet  the  ellipsis  again  in  O  ;  and  through  O 
draw  a  straight  line  parallel  to  CD,  meeting  AB  in  P,  and 
the  circle  in  Q  ;  also  let  CD  meet  the  circle  in  R.  Then, 
because  CO  is  a  parallelogram,  CD  is  equal  to  PO  :  but 
as  CD  to  PO,  so  is  OR.  to  P (2.  cor.  6.  2.)  CR,  there¬ 
fore,  and  PQ  are  equal :  but  they  are  also  parallel ;  there¬ 
fore,  if  QR  be  joined,  it  will  be  parallel  to  CP  ;  and  the 
angle  QRC  is,  therefore,  a  right  angle.  And  thus  RQ, 
drawn  perpendicular  to  a  diameter  of  the  circle  from  the 
extremity  of  that  diameter,  falls  within  the  circle ;  which 
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is  absurd  (16.  3.  Elem.)  therefore  DO  touches  the  el¬ 
lipsis. 

Cor.  1.  If  EH  touch  the  ellipsis,  and  GH  be  joined, 
it  may  be  shown  in  the  same  manner  that  GH  touches  the 
circle. 

Cor.  2.  From  a  point  in  an  ellipsis,  only  one  straight 
line  can  be  drawn  which  will  touch  that  ellipsis  ;  were  it 
possible  for  two  straight  lines  to  touch  the  ellipsis  in  one 
and  the  same  point,  two  could  also  touch  the  circle  in 
one  point ;  which  is  against  the  cor.  to  16.  3.  Elem. 

Cor.  3.  A  straight  line  cannot  meet  an  ellipsis  in  more 
than  two  points  ;  for  could  a  straight  line  meet  the  ellip¬ 
sis  in  more  than  two  points,  a  straight  line  could  also 
meet  the  circle  in  more  than  two  points  j  which  would  be 
an  absurdity :  the  ellipsis,  therefore,  is  convex  on  the  side 
where  straight  lines  touch  it,  but  concave  on  the  contrary 
side. 

Cor.  4.  The  angle  contained  by  any  diameter,  which  is 
not  either  axis  of  the  ellipsis,  and  that  part  of  the  tan¬ 
gent  at  its  vertex  which  meets  the  greater  axis,  is  greater 
than  a  right  angle.  Let  CE  be  the  diameter,  EH  the 
tangent,  and  AB  the  greater  axis,  the  other  things  re¬ 
maining  as  in  the  proposition ;  the  angle  CEH  is  (21.  1. 
Elem.)  greater  than  CGH,  that  is  greater  than  a  right 
angle. 

Cor.  5.  The  proposition  points  out  a  method  by  which, 
if  the  greater  axis  be  given  in  position  and  magnitude,  a 
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straight  line  can  be  drawn  that  shall  touch  an  ellipsis  de¬ 
scribed  upon  the  axis,  in  a  given  point. 

Cor.  6.  Two  straight  lines  touching  an  ellipsis  in  the 
vertices  of  a  diameter  are  parallel. 

Let  EH,  ST  (fig.  12.)  touch  the  ellipsis  in  the  vertices 
of  the  diameter  ECS,  and  let  them  meet  the  axis  AB  in 
H,  T ;  draw  EF,  SV  perpendicular  to  the  same  axis, 
meeting  the  circle  described  upon  it  in  G,  X ;  join  GH, 
XT,  which,  by  cor.  1.  will  touch  the  circle  in  G,  X  :  and 
because  GF,  XV  are  divided  in  the  same  ratio  (2.  cor. 
6.  2.)  in  the  points  E,  S,  and  that  ECS  is  a  straight  line  ; 
therefore  the  points  G,  C,  X  are  also  in  a  straight  line 
(lem.  2.)  and  because  GH,  XT,  which  touch  the  circle  in 
the  vertices  of  the  diameter  GX,  are  parallels,  EH,  ST 
are  also  parallels  (lem.  3.) 

PROP.  XI.  THEOR. 

If  from  a  point  of  an  ellipsis  two  straight  lines  be 
drawn  to  the  foci,  ,and  a  straight  line  be  drawn 
bisecting  the  angle  adjacent  to  that  contained  by 
these  two  straight  lines ;  that  straight  line  touches 
the  ellipsis. 

Case  1.  When  th^ straight  line  (fig.  13.)  bisecting  the 
angle  is  parallel  to  the  greater  axis.  Let  AB  be  the 
greater  axis,  C  the  centre,  and  D,  E  the  foci ;  from  a 
point  F  of  the  ellipsis  draw  the  straight  lines  FD,  FE  ; 
let  FH,  which  bisects  the  angle  EFG,  be  parallel  to  the 
greater  axis  AB  ;  FH  touches  the  ellipsis.  Make  FG 
equal  to  FE,  join  EG,  and  let  it  meet  FH  in  H ;  then, 
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since  FE  is  equal  to  FG,  and  FII  common,  and  the  an¬ 
gle  EFH  equal  to  GFEI,  EH  is  equal  to  HG  :  and  FH, 
ED  being  parallels,  EEI  is  to  HG  as  DF  to  FG  ;  DF, 
therefore,  is  equal  to  FG,  that  is,  to  FE  ;  and  in  the 
triangles  DFC,  EFC,  FC  is  common,  and  DC  equal  to 
CE  ;  therefore  (8.  1.  Elem.)  the  angles  at  C  are  equal : 
and  thus  each  of  them  is  a  right  angle  ;  therefore  CF  is 
(def.  6.  2.)  the  half  of  the  lesser  axis  :  and  consequently, 
FH,  which  is  parallel  to  the  other  axis,  touches  (10.  2.) 
the  ellipsis. 

Case  2.  Let  now  FH(iig.  14.)  be  inclined  to  the  greater 
axis,  and  meet  it  in  K  ;  and  the  remaining  part  of  the  con¬ 
struction  in  the  first  case  being  repeated,  draw  FL  at  right 
angles  to  the  same  axis,  and  let  it  meet  the  circle  describ¬ 
ed  upon  AB  in  the  point  M  :  joining  MK,  and  drawing 
MC  to  the  centre,  make  BN  equal  to  EF ;  AN  will  con¬ 
sequently  (1.  2.)  be  equal  to  DF.  And  since  the  out¬ 
ward  angle  EFG  of  the  triangle  DFE  is  divided  into  two 
equal  parts  by  the  straight  line  FIT,  which  meets  the  base 
DE  in  the  point  IC ;  therefore  DK  is  to  KE  as  DF  to  FE 
(Prop.  A.  6.  Elem.)  that  is,  as  AN  to  NB:  and  by  com¬ 
position,  DK  together  with  KE  is  to  KE  as  AB  to  NB. 
Take  the  halves  of  the  antecedents,  and  CK  *  will  be  to 
KE  as  CB  to  BN ;  and,  by  conversion  and  alternation, 
CK  is  to  CB  as  CE  to  CN,  that  is,  as  CB  to  CL.  (4.  2.) 
but  CB  is  equal  to  CM  ;  therefore,  as  CK  to  CM,  so  is 
CM  to  CL  :  therefore  the  triangle  CMK  is  equiangular 
(6.  6.  Elem.)  to  CLM,  But  CLM  is  a  right  angle  ; 
therefore  the  angle  CMK  is  also  a  right  angle  ;  and  con- 

*  See  prop.  8.  Elem.  Plane  Trigon.  annexed  to  our  author’s  edition 
of  Euclid’s  Elements. 
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sequently  the  straight  line  MK  touches  the  circle  (16.  3. 
Elem.)  therefore  FK  touches  the  ellipsis  (10.  2.) 

Otherwise:  produce  DF  to  G,  so  that  FG  maybe 
equal  to  FE  ;  and  in  FK  take  any  point  O,  and  join  OD, 
OE,  OG,  and  EG,  and  let  this  last  meet  FK  in  P  ;  then, 
because  FE  is  equal  to  FG,  FP  common,  and  the  angle 
EFF  equal  to  GFP ;  therefore  EP,  GP  are  equal,  and 
the  angles  at  P  right  angles  ;  therefore  OE  is  equal  to 
OG  :  but  DO,  OG  are  together  greater  than  DG;  con¬ 
sequently  DO,  OE  are  together  greater  than  the  same 
DG,  that  is,  than  DF,  FE  together,  that  is,  than  the 
greater  axis  AB  :  the  point  O  is,  consequently,  without 
the  ellipsis  (3.  cor.  1.  2.)  and,  consequently,  FK  touches 
the  ellipsis. 

Cor.  On  the  contrary,  if  a  straight  line  FK  touch  the 
ellipsis,  and  DF,  FE  be  drawn  from  the  point  of  contact 
to  the  foci ;  the  angles  DFO,  EFK,  which  DF  FE  make 
with  the  tangent  in  contrary  directions  of  it,  are  equal. 
For  let  them  be  unequal ;  then  DF  being  produced  to  G, 
the  angles  EFK,  GFK  are  likewise  unequal:  but  by 
the  proposition,  a  straight  line  which  bisects  the  angle 
EFG  touches  the  ellipsis  ;  and  by  the  hypothesis,  FK 
which  does  not  bisect  the  angle  EFG,  likewise  touches 
it  in  the  point  F  ;  which  is  (2.  cor.  10.  2.)  absurd. 

PROP.  A.  THEOR. 

If  a  straight  line  touch  an  ellipsis,  but  not  in  the 
vertex  of  either  axis,  and  from  the  point  of  contact 
two  straight  lines  be  drawn,  the  one  perpendicular 
to  the  tangent,' the  other  ordinately  applied  to  one 
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of  the  axes  ;  the  segment  of  this  axis  between  the 
ordinate  and  the  centre,  is  to  the  segment  between 
the  ordinate  and  the  line  perpendicular  to  the  tan¬ 
gent,  as  the  square  of  that  axis  is  to  the  square 
of  the  other  axis. 

Case  1.  Let  IK  touch  the  ellipsis  AFBP  in  L  (fig.  13.) 
and  LM  be  perpendicular  to  IK  and  LN  an  ordinate  to 
AB,  the  greater  axis ;  or  which  is  the  same  thing  (8.  2.) 
LN  perpendicular  to  AB  ;  CN  is  to  NM  as  the  square 
of  AB  to  the  square  of  FP. 

Join  DL,  and  produce  it  to  Q,  making  LQ  equal  to 
LE  f  join  E,  Q  cutting  IK  in  R ;  draw  CS  parallel  to 
LM  ;  then  it  may  be  proved  as  in  the  second  demonstra¬ 
tion  of  the  last  proposition  that  ERL  is  a  right  angle  ; 
therefore  EQ  is  parallel  to  ML  or  CS ;  consequently 
DS  is  equal  to  SQ  (2.  6.  Elem.)  whence  SL,  the  excess 
of  SQ  above  LQ  is  equal  to  the  excess  of  CB  above  EL  ; 
therefore  (4.  2.)  CB,  CE,  CN,  SL  are  proportionals. 
Again,  because  of  the  parallels  ML,  CS  ;  the  lines  DS, 
SL,  DC,  CM,  are  proportionals ;  consequently  (16.  5. 
Elem.)  CB,  CE,  SL,  CM  are  proportionals:  therefore 
(22.  6.  and  1.  6.  Elem.)  CN  is  to  CM  as  the  square  of 
CB  to  the  square  of  CE  :  whence  (byconversion)  CN  is 
to  NM  as  the  square  of  CB  (4.  cor.  1.  2.)  to  the  square 
of  CF  or  as  the  square  of  AB  to  the  square  of  EP. 

Case  2.  Let  LT  be  ordinately  applied  to  FP  the  less 
axis,  LT  is  parallel  to  AB  ;  let  LM,  the  perpendicular 
to  the  tangent,  meet  PF  in  V  ;  CT  is  to  TV  as  the  square 
of  FP  to  the  square  of  AB.  For  CT  is  to  TV  as  NM 


liOOK  II. 


THE  ELLIPSIS. 


69 


to  NC  that  is  by  the  first  case  as  the  square  FP  to  the 
square  of  AB. 

Cor.  Hence  the  segment  of  either  axis  between  the 
centre  and  the  ordinate,  is  to  the  segment  between  the  or¬ 
dinate  and  the  straight  line  perpendicular  to  the  tangent, 
as  that  axis  is  to  its  latus  rectum  (cor."  2.  to  20.  6.  Elem* 
and  def.  9.  2.) 

IpROP.  B.  THEOR. 

If  from  the  two  foci  of  an  ellipsis,  perpendiculars  be 
let  fall  upon  a  tangent,  they  will  meet  it  in  the 
periphery  of  a  circle  described  on  the  greater  axis. 

Let  HO  (fig.  14.)  touch  the  ellipsis  in  F,  and  meet  the 
perpendiculars  EP,  DZ,  the  circle  described  on  AB  the 
greater  axis  of  the  ellipsis  passes  through  the  points  of 
intersection  P  and  Z* 

Join  D,  F,  and  produce  it  to  G,  making  DG  equal  to 
AB  ;  join  C,  P  ;  F,  E  :  and  G,  P  ;  then,  since  the  an¬ 
gle  GFP  is  equal  to  EFP  (cor.  11.2*)  and  FG  to  FE 
the  angle  FPG  is  equal  to  FPE  and  the  side  GP  to  EP, 
but  FPE  is  a  right  angle,  therefore  (14.  1.  Elem.)  EPG 
is  a  right  line*  Also  the  triangles  CEP,  DEG  are  equi¬ 
angular  (6.  6.  Elem.)  whence  CP  is  equal  to  half  DG, 
that  is,  to  CB  ;  consequently,  a  circle  described  from  the  . 
centre  C,  at  the  distance  CB,  will  pass  through  the  point 
P.  In  the  same  manner  it  may  be  demonstrated  that  th^ 
eircle  will  pass  through  the  point  Z * 

i 
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PROP.  C.  THEOR. 

The  rectangle  of  the  perpendiculars,  hilling  from  the 
two  foci,  upon  any  tangent  of  an  ellipsis,  is  equal 
to  the  square  of  the  less  semi-axis. 

Let  HO  touch  the  ellipsis,  and  let  EP,  DZ  (fig.  14.) 
be  drawn  from  the  foci  E,  D  at  right  angles  to  HO  ;  the 
rectangle  of  EP,  DZ  is  equal  to  the  square  of  the  less 
semi-axis. 

On  AB,  the  greater  axis  describe  the  circle  AMB,  it 
^  will  dirough  P,  Z  (B.  2.)  Produce  PE  until  it  meets  the 
circle  again  in  W,  join  ZW,  then  because  the  angle 
ZPW,  in  the  circumference  of  the  circle,  is  a  right  an¬ 
gle,  ZW  passes  through  the  centre  C  (31.  3.  Elem.) 
whence  DC  is  equal  to  CE  ;  CZ  to  CW,  and  the  angle 
DCZ  to  ECW  ;  consequently  DZ  is  equal  to  EW,  there¬ 
fore  the  rectangle  contained  by  DZ,  and  EP,  is  equal  to 
the  rectangle  . WE P,  that  is,  to  the  rectangle  AEB  (35.  3. 
Elem.)  or  to  the  square  of  the  less  semi-axis  (2.  2.) 

PROP.  XII.  probT 

The  greater  axis  of  an  ellipsis  being  given  in  posi¬ 
tion  and  magnitude,  and  the  foci  being  given,  to 
draw  a  straight  line  parallel  to  another  straight  line 
given  in  position,  and  which  shall  touch  the  ellip¬ 
sis. 

/  ,  , 

Let  AB  be  the  greater  axis  (fig.  14.)  D,  E,  the  foci ; 
let  ST  be  a  straight  line  given  in  position  :  from  E,  either 
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of  the  foci,  draw  EV  at  right  angles  to  ST,  and  from  the 
other  focus  D,  as  a  centre,  with  a  distance  equal  to  AB, 
describe  a  circle  :  this  circle  will  meet  E  V  in  two  points  ; 
of  which  let  G  be  either;  and  having  joined  DG,  draw 
EF  to  it,  making  the  angle  GEF,  equal  to  EGD  ;  and 
through  F  draw  FK  parallel  to  ST  ;  FK  touches  the  el¬ 
lipsis  in  the  point  F. 

Because  the  angle  GEF  is  equal  to  EGF,  EF  is  equal 
to  FG  ;  therefore  DF,  FE  are  together  equal  to  DG,  that 
is,  to  the  greater  axis  AB  ;  the  point  F  is,  therefore,  in 
(3.  cor.  1.  2.)  the  ellipsis.  Let  FK  meet  the  straight  line 
VE  in  P  ;  and  because  FK,  ST  are  parallels,  and  EV 
being  at  right  angles  to  ST,  is  likewise  at  right  angles  to 
FP,:  therefore  the  angles  EFP,  GFP  are  equal;  and 
therefore  (11.  2.)  FK  touches  the  ellipsis.  In  like 
manner,  by  employing  the  other  point,  where  th®  circle 
described  from  the  centre  D  meets  EV,  another  tangent 
can  be  drawn  parallel  to  ST. 

PROP.  XIII.  THEOR. 

Every  straight  line  parallel  to  a  straight  line  that 
touches  the  ellipsis,  and  terminated  both  ways  by 
the  ellipsis,  is  bisected  by  the  diameter  that  passes 
through  the  point  of  contact. 

If  the  diameter  be  either  of  the  axes  ;  a  tangent  drawn 
through  its  vertex  is  parallel  to  the  other  axis  (10.  and  2. 
cor.  10.  2  ;)  and  thus  a  straight  line  parallel  to  the  tangent 
is  also  parallel  to  this  other  axis ;  and  consequently  is  bi¬ 
sected  by  the  diameter  that  passes  through  the  point  of 
contact  (7*  2. 
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Now  let  CE  be  any  other  diameter  (fig.  15.  n.  1.  2.) 
and  let  EF  touch  the  ellipsis  in  its  vertex;  let  GH,  pa¬ 
rallel  to  EF,  be  terminated  in  G,  H,  two  points  of  the  el¬ 
lipsis,  and  meet  the  diameter  CE  in  K  ;  then  shall  GK  be 
equal  to  KII. 

Let  the  tangent  EF  meet  either  axis  All  in  F  ;  let  GIT 
meet  the  same  axis  in  L  ;  through  the  points  E,  G,  H 
draw  EM,  GN,  HO  perpendiculars  to  AB,  and  let  them 
meet  the  circle  described  upon  AB  in  the  points  P,  Q,  R  ; 
join  FP,  LQ,  CP ;  let  LQ  meet  CP  in  the  point  S,  and 
join  SK.  Then,  because  EF  touches  the  ellipsis,  FP 
(1.  cor.  10.  2.)  touches  the  circle  ;  and  because  the  paral¬ 
lels  QN,  RO  are  cut  in  the  same  ratio  in  the  points  G,  H, 
and  that  HGL  is  a  straight  line,  the  points  L,  Q,  R  are 
in  a  straight  line  (lemma  2,)  Again,  since  the  parallels 
PM,  QN  are  cut  in  the  same  ratio  in  the  points  E,  G 
through  which  the  parallels  EF,  GL  are  drawn  ;  there¬ 
fore  FP,  LQ  are  likewise  parallels  (lem.  3  ;)  consequent*- 
lyr,  CS  is  to  SP,  as  CL  to  LF,  that  is,  as  CK  to  KE  : 
therefore  KS  is  (2.  6.  Elem.)  parallel  to  EP,  and  conse¬ 
quently  to  QN,  RO  ;  therefore  GK  is  to  KH,  as  QS  to 
SR  :  but  QS  is  equal  to  SR,  because  'CP  being  at  right 
angles  to  the  tangent  PF,  is  also  at  right  angles  to  RQ? 
which  is  parallel  to  PF  ;  therefore  GK  is  equal  to  KH. 

Cor.  1.  On  the  contrary  :  any  straight  line  GIT,  ter¬ 
minated  both  ways  by  the  ellipsis*  and  bisected  by  the  di¬ 
ameter  CE  ;  or,  in  other  words,  any  straight  line  ordir 
nately  applied  to  the  diameter  CE,  is  parallel  to  EF,  the 
tangent  at  its  vertex.  For,  if  not,  draw  a  tangent  that 
shall  be  (12.  2.)  parallel  to  GH  ;  and  GH  will  be  bisected 
by  the  diameter  which  passes  through  the  point  of  con? 


BOOK  II. 


THE  ELLIPSIS. 


73 


Met  :  but,  by  hypothesis,  the  same  GH  is  bisected  by 
another  diameter  CE  ;  which  is  absurd. 

Cor.  2.  All  straight  lines  ordinately  applied  to  the 
same  diameter  are  parallel  to  one' another. 

Cor.  3.  If  several  parallels  be  terminated  both  ways  bv 
an  ellipsis,  the  diameter  which  bisects  one  of  them,  bi¬ 
sects  also  the  rest  of  them  :  for  that  one  which  is  bisected 
by  a  diameter,  is  parallel  to  the  tangent  in  the  vertex  of 
that  diameter  ;  and  consequently  the  rest  are  parallel  to 
the  same  tangent  ;  and  therefore  are  bisected  by  the  same 
diameter. 

Cor.  4.  On  the  contrary :  a  straight  line  which  bisects 
several  parallels  terminated  both  ways  by  an  ellipsis,  is  a 
diameter.  For  if  it  be  not,  draw  a  diameter  bisecting 
one  of  the  parallels,  and  this  diameter  will  also  bisect  the 
others  :  but,  by  hypothesis,  each  of  them  is  bisected  by 
another  straight  line  ;  which  is  absurd.  And,  if  from 
the  point  of  contact,  a  straight  line  be  drawn  bisecting 
another  straight  line  parallel  to  the  tangent,  and  terminat¬ 
ed  both  ways  by  the  ellipsis,  that  straight  line  is  a  diame- 
x°r.  For,  if  it  be  not,  draw  a  diameter  through  the  point 
of  yontact ;  this  diameter,  by  the  prop,  also  bisects  the 
parallel  to  the  tangent ;  which  is  absurd. 

Cor.  5.  A  straight  line  which  is  drawn  through  the 
vertex  of  a  diameter,  and  is  parallel  to  an  ordinate  to 
that  diameter,  touches  the  ellipsis. 

Cor.  6.  Two  straight  lines  in  an  ellipsis,  which  pass 
pqt  through  the  centre,  do  not  bisect  each  other :  for  if 
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they  bisected  each  other,  they  would  be  each  of  them  paral¬ 
lel  to  the  tangent  in  the  vertex  of  the  diameter  drawn 
through  the  point  of  bisection,  and  of  consequence  they 
would  be  parallel  to  each  other ;  which  is  absurd. 

PROP.  XIV.  THEOR. 

Two  diameters  of  an  ellipsis,  either  of  which  is  paral¬ 
lel  to  a  straight  line  touching  the  ellipsis  in  either 
vertex  of  the  other,  are  conjugate  diameters. 

•  .  V 

Let  ET,  VX  (fig.  15.  n.  1.  2.)  be  two  diameters ;  let 
either  of  them,  VX,  be  parallel  to  EF,  a  straight  line 
touching  the  ellipsis  in  the  vertex  E  of  the  other  ;  then 
ET,  VX  are  conjugate  diameters. 

Through  the  vertices  E,  V  draw  perpendiculars  EM, 
VY  to  either  axis  AB,  meeting  the  circle  described  upon 
it  in  the  points  P,  Z,  on  the  same  sides  of  the  diameter 
AB  with  the  points  E,  V  ;  and  from  the  point  F,  where 
EF  meets  AB,  draw  the  straight  line  FP,  which  will 
touch  the  (1.  cor.  10.  2.)  circle  in  P ;  and  from  the  point 
Z,  the  straight  line  la  touching  the  circle,  and  meeting 
the  axis  in  <7,  join  aV ;  and  aV  will  touch  the  (10.  2.) 
ellipsis  ;  and  from  the  centre  draw  CP,  CZ. 

\  'V 

V- 

Then,  because  the  parallels  PM,  ZY  are  cut  in  the 
same  ratio  in  the  points  E,  V  through  which  are  drawn 
the  parallels  EF,  VC;  therefore  FP,  CZ  are  (lem.  3.) 
also  parallels  :  but  CPF  is  a  right  angle ;  consequently 
PCZ  is  also  a  right  angle :  and  CZ  a  is  aright  angle  ;  there¬ 
fore  CP,  la  are  parallels :  and  consequently  CE  and  aV 
are  parallels  :  therefore  straight  lines  parallel  to  CE  will 
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likewise  be  parallel  to  V#,  which  touches  the  ellipsis  in 
V ;  and  of  consequence  they  will  be  bisected  (13.  2.)  by 
the  diameter  CV :  and  because  CV,  by  hypothesis,  is 
parallel  to  EF,  all  straight  lines  parallel  to  CV  will  like¬ 
wise  be  parallel  to  EF,  and  will  consequently  be  bisected 
by  the  diameter  CE  :  therefore  CE,  CV  are  conjugate 
diameters  (7.  def.  2.) 

Cor.  1.  And  since  CV  is  the  only  diameter  that  can 
bisect  straight  lines  parallel  to  CE,  and  terminated  both 
ways  by  the  ellipsis,  CV  alone  is  the  conjugate  to  CE. 

Cor.  2.  If,  therefore,  CE,  CV  be  conjugate  diameters, 
each  of  them  is  parallel  to  the  tangent  drawn  through  the 
vertex  of  the  other. 

Cor.  3.  On  the  other  hand,  a  straight  line  drawn  through 
the  vertex  of  a  diameter,  parallel  to  the  conjugate  diame¬ 
ter,  touches  the  ellipsis  in  that  vertex. 

Cor.  4.  A  straight  line  parallel  to  a  diameter,  and  ter¬ 
minated  both  ways  by  the  ellipsis,  is  bisected  by  the  con¬ 
jugate  diameter:  for  it  is  parallel  to  the  straight  line 
which  touches  the  ellipsis  in  the  vertex  of  this  diameter;* 
and  consequently  it  is  bisected  by  this  same  conjugate 
diameter.  On  the  other  hand,  a  straight  line  bisected  by 
a  diameter,  is  parallel  to  the  conjugate  diameter. 

[  PROP.  XV.  TI-IEOR. 

If  from  a  point  in  an  ellipsis  to  either  of  two  con¬ 
jugate  diameters,  a  straight  line  be  drawn  parallel 
to  the  other,  the  square  of  the  diameter  it  meets, 
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is  to  the  square  of  the  other  diameter,  as  the  rec¬ 
tangle  contained  by  the  segments  into  which  the 
straight  line  divides  the  first,  is  to  the  square  of 
that  straight  line. 

Let  ET,  VX  (fig,  15.  n.  1.  2.)  be  conjugate  diameters, 
and  from  a  point  G  of  the  ellipsis  draw  GK  parallel  to 
the  diameter  VX,  meeting  the  other  ET  in  K  ;  then  the 
square  of  ET  is  to  the  square  of  VX,  as  the  rectangle 
EKT  to  the  square  of  GK. 

For  since  ET,  VX  are  conjugate  diameters,  VX  is  pa¬ 
rallel  to  the  tangent  EF,  drawn  through  the-  vertex  E  of 
ET  :  and  the  same  construction  as  in  the  two  foregoing 
propositions  still  remaining,  and  what  was  there  demon¬ 
strated  being  still  kept  in  view,  let  SIv,  when  produced 
meet  AB  in  the  point  b  ;  and  through  G  draw  the  straight 
line  Gc  parallel  to  the  same  AB,  and  meeting  S b  in  c  ; 
then,  because  PCZ  is  a  right  angle,  and  that  the  angles 
PCM,  CPM  are  together  equal  to  a  right  angle  ;  the  an¬ 
gle  PCZ  is  equal  to  the  same  CPM  and  MCP  together: 
take  away  the  common  angle  MCP,  and  the  remaining 
angle  MCZ  is  equal  to  the  remaining  CPM ;  and  CP, 
CZ  are  equal;  therefore  the  right-angled  triangles  PMC, 
CYZ  are  equal;  therefore  PM  is  equal  to  CY.  But 
since  PM,  S 5,  and  PF,  SL  are  parallels,  the  triangles 
PFM,  SL&  are  equiangular  :  and  thus  CPM,  SL5  are 
(8.  6.  Elem.)  also  equiangular;  therefore  CP  is  to  PM 
as  SL  to'L£,  that  is,  as  SQto  (2.  6.  Elem.)  alternate¬ 
ly  CP  is  to  SQ  as  PM  to  Nb  :  but  PM  having  been 
proved  equal  to  CY,  and  that  Gc  is  equal  to  N£ ;  there¬ 
fore  PM  is  to  N 5,  as  C  Y  to  Gc  :  and  the  triangles  C  VY, 
-GKc  being  equiangular,  CY  is  to  Gc,  as  CV  to  GK  i 
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therefore  (11.  5.  Elem.)  CP  is  to  SQ  as  CV  to  GK  : 
hence  the  square  of  CP  is  to  the  square  of  SQ,  as  the 
square  of  CV  to  the  square  of  GK:  but  the  square  of 
CP  is  to  the  square  of  CS  as  the  square  of  CE  to  the 
square  of  CK  ;  and,  by  conversion,  and  prop.  47.  l.Elem# 
the  square  of  CP  is  to  the  square  of  SQ  as  the  square  of 
CE  to  the  rectangle  EKT :  the  square,  therefore,  of  CE 
is  to  the  rectangle  EKT,  as  the  square  of  CV  to  that  of 
GK  ;  alternately,  the  square  of  CE  is  to  the  square  cf  CV 
as  the  rectangle  EKT  to  the  square  of  GK  :  therefore 
(15.  5.  Elem.)  the  square  of  ET  is  to  that  of  VX,  as  the 
rectangle  EKT  to  the  square  of  GK. 

Universally  :  the  square  of  any  diameter  is  to  the 
square  of  its  conjugate,  as  the  rectangle  contained  by  the 
segments,  intercepted  between  its  vertices  and  a  straight 
line  ordinately  applied  to  it,  is  to  the  square  of  the  seg¬ 
ment  of  the  same  straight  line  between  the  ellipsis  and 
that  diameter :  for  an  ordinate  to  a  diameter  is  parallel 
to  the  tangent  drawn  through  the  vertex  of  that  diame¬ 
ter  :  and  therefore  is  parallel  to  the  conjugate  diameter. 

Cor.  1.  The  squares  of  straight  lines  ordinately  appli¬ 
ed  to  the  same  diameter,  are  to  one  another  as  the  rec¬ 
tangles  contained  by  the  segments  of  that  diameter,  as 
was  demonstrated  (1.  cor.  6.  2.)  with  regard  to  the  axes. 

Cor.  2.  If  ET,  VX  be  conjugate  diameters  of  an  ellip¬ 
sis  AT,  and  if  from  a  point  G  a  straight  line  GK  be  drawn 
parallel  to  VX,  one  of  the  diameters,  and  meeting  the 
ether  ET  in  K  ;  and  if  the  square  of  ET  be  to  the  square 
of  VX,  as  the  rectangle  EKT  to  the  square  of  GK  ;  the 
point  G  is  in  the  ellipsis.  For  if  the  point  G  is  not  in 
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the  ellipsis,  then  GK  will  meet  it  in  some  other  point  on 
that  side  of  the  diameter  ET,  on  which  G  is ;  let  it,  if 
possible,  meet  the  ellipsis  in  d :  then,  by  the  proposition, 
the  rectangle  EKT  is  to  the  square  of  d K,  as  the  square  of 
ET  to  the  square  of  VX,  that  is,  by  hypothesis,  as  the  rec¬ 
tangle  EKT  to  the  square  of  GK  :  hence  the  square  of  d K 
is  equal  to  the  square  of  GK  ;  and  thus  the  straight  line 
*/K  is  equal  to  the  straight  line  GK  ;  which  is  impossible. 

Cor.  3.  If  from  two  points  G,  e,  one  of  which,  e ,  is  in 
the  ellipsis,  there  be  drawn  to  the  diameter  ET  straight 
lines  GK,  ef  parallel  to  straight  lines  ordinately  applied 
to  the  same  ET ;  if  the  rectangles  EKT,  E/'T,  contain¬ 
ed  by  the  segments  of  the  diameter  ET,  which  are  inter¬ 
cepted  between  its  vertices,  and  the  parallels  drawn  to 
it,  have  the  same  ratio  to  each  other  as  the  squares  of 
GK,  ef ;  then  the  other  point  G  is  likewise  in  the  ellipsis. 
This  is  demonstrated  from  cor.  1.  in  the  same  manner  as 
the  second  corollary  from  the  proposition. 

Cor.  4.  If  a  circle  be  described  upon  AB  (fig.  16.)  a 
diameter  of  the  ellipsis,  and  if  straight  lines,  DE,  FG  be 
drawn  ordinately  applied  to  the  diameter  AB ;  and  if  from 
the  points  D,  Fstraight  lines  DH,  FK  be  drawn  perpendi¬ 
cular  to  the  same  AB,  and  meeting  the  circle  in  the 
points  H,  K  ;  then  the  perpendiculars  DH,  FK  shall 
have  the  same  ratio  to  each  other  which  the  ordinates  DE, 
FG  have.  For  the  squares  of  DE,  FG  have  the  same 
ratio  to  each  other  which  the  rectangles  ADB,  AFB 
have,  that  is,  which  the  squares  (35.  3.  Elem.)  of  DH, 
FK  have  :  therefore  DH  is  to  FK,  as  DE  to  FG  (22.  6, 
Elem.) 

Cor,  5.  And  if  two  straight  lines  ordinately  applied 
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to  a  diameter,  cut  off,  between  the  centre  and  the  points 
where  they  meet  that  diameter,  equal  segments  of  it,  they 
are  equal :  and  if  equal,  they  cut  off,  between  the  centre 
and  these  points,  equal  segments. 

PROP.  XVI.  THEOR. 

If  from  a  point  E  (fig.  16.)  of  an  ellipsis  a  straight 
line  ED  be  Qrdinately  applied  to  a  diameter  AB, 
and  if  DH  be  drawn  at  right  angles  to  that  diame¬ 
ter,  meeting  a  circle  described  upon  the  same  dia¬ 
meter  in  H ;  and  if  the  straight  line  touching  the 
circle  in  H,  meet  that  diameter  in  L,  and  if  EL  be 
drawn  joining  the  points  L  and  E,  the  line  EL  will 
touch  the  ellipsis  in  E ;  and  conversely. 

For  if  EL  do  not  touch  the  ellipsis  it  will  cut  it ;  let 
it,  if  possible,  meet  it  in  another  point  M  ;  and  through 
M  to  the  diameter  AB  draw  MN  parallel  to  ED  ;  and 
through  N  draw  NO  at  right  angles  to  the  diameter  AB, 
meeting  the  circle  in  O  on  the  same  side  of  AB  with  H  : 
since  the  parallels  DE,  NM  are  drawn  from  the  points 
D,  N,  as  also  the  parallels  DH,  NO,  which  have  the  same 
ratio  to  each  other  (4.  cor.  preced.)  which  DE,  NM 
have,  and  that  the  points  E,  M,  L  are  in  a  straight  line  ; 
therefore  the  points  H,  O,  L  (lem.  2.)  are  likewise  in  a 
straight  line  ;  the  straight  line  LH,  therefore,  cuts  the 
circle :  but  according  to  the  hypothesis,  it  touches  the 
circle:  which  is  absurd:  therefore  LE  also  touches  the 
ellipsis. 


And  conversely :  it  may  be  shown,  after  the  same  man 
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ner,  that  if  EL  touches  the  ellipsis,  LH  likewise  touches 
the  circle. 

Cor.  Hence  it  is  manifest  in  what  manner,  if  a  dia¬ 
meter  of  an  ellipsis  be  given  in  position  and  magnitude, 
and  the  angle  which  that  diameter  makes  with  any 
straight  line  ordinately  applied  to  it,  be  given,  a  straight 
line  can  be  drawn  that  will  touch  the  ellipsis  in  a  given 
point. 

PROP.  XVII.  THEOR. 

If  from  a  point  E  (fig.  16.)  of  an  ellipsis  a  straight 
line  be  drawn  touching  that  ellipsis,  and  meeting 
the  diameter  AB  in  L  ;  and  if  from  the  point  of 
contact  a  straight  line  ED  be  ordinately  applied  to 
that  diameter ;  the  semidiameter  CB  is  a  mean 
proportional  between  CL  and  CD,  the  segments 
of  the  diameter,  intercepted,  the  one  between  the 
centre  and  the  tangent,  and  the  other  between  the 
centre  and  the  ordinate  ;  and  the  segments  of  the 
same  diameter  intercepted  between  its  vertices  and 
the  tangent,  have  the  same  ratio,  to  each  other 
as  the  segments  between  its  vertices  and  the  ordi¬ 
nate. 

Having  described  a  circle  upon  the  diameter  AB,  and 
drawn  from  the  point  D  a  straight  line  DH  at  right 
angles  to  AB  meeting  the  circle  in  H,  join  HL:  then, 
because  LH  touches  the  (16.  2.)  circle,  and  that  HD 
is  perpendicular  to  the  diameter,  CD,  CB,  CL  are  pro 
portionals  (8.  6.  Elem.)  Which  is  the  first  case. 
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Secondly,  because  CL  is  to  CB  as  CB  to  CD,  by  con¬ 
version  CL  is  to  BL,  as  CB  to  BD  ;  double  the  antece¬ 
dents,  and  twice  CL  is  to  BL,  as  AB  to  BD  ;  and,  by 
division,  AL  is  to  BL,  as  AD  to  BD. 

Cor.  1.  Hence  the  rectangle  contained  by  the  segments 
of  the  diameter  intercepted  between  the  ordinate  and  the 
centre,  and  between  the  ordinate  and  the  tangent,  is  equal 
to  that  contained  by  the  segments  between  the  ordinate 
and  the  vertices  of  the  diameter.  For  as  CD,  CB,  CL 
are  proportionals,  the  square  of  CB  is  equal  to  the  rec¬ 
tangle  DCL  ;  but  the  square  of  CB  is  equal  to  the  rec¬ 
tangle  ADB,  together  with  the  square  of  CD  (5. 2.  Elem.) 
and  the  rectangle  DCL  is  equal  to  the  rectangle  CDL, 
together  with  the  same  square  of  CD  (3.  2.  Elem.)  Take 
away  the  common  square  of  CD,  and  there  remains  the 
rectangle  ADB  equal  to  CDL. 

© 

Cor.  2.  And  the  rectangle  contained  by  the  segments 
of  the  diameter  intercepted  between  the  tangent  and  the 
centre,  and  between  the  tangent  and  the  ordinate,  is  equal 
to  that  contained  by  the  segments  between  the  tangent  and 
the  vertices  of  the  same  diameter  :  for  the  rectangle  ALB 
and  square  of  CB  are  together  equal  (6.  2.  Elem.)  to  the 
square  of  CL  ,*  and  the  rectangles  LCD,  CLD  are  together 
equal  (2.  2.  Elem.)  to  the  same  square  of  CL  :  therefore, 
because  the  square  of  CB  has  been  proved  equal  to  the  rec¬ 
tangle  DCL,  there  remains  the  rectangle  ALB  equal  to 
the  rectangle  CLD. 

PROP.  XVIII.  THEOR. 

From  a  point  E  (fig.  16.)  of  an  ellipsis  let  a  straight 
line  ED  be  ordinately  applied  to  a  diameter  AB, 
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and  from  the  same  point  let  a  straight  line  EL  be 
drawn  meeting  that  diameter  in  L  :  if  the  seg¬ 
ment  (of  the  diameter)  intercepted  between  the 
centre  C  and  the  point  L,  the  semidiameter  CB, 
and  the  segment  DC  between  the  centre  and  the 
ordinate  be  proportionals,  the  straight  line  EL  will 
touch  the  ellipsis  in  E  :  or  secondly,  if  the  seg¬ 
ments  between  the  point  L,  and  the  vertices  of 
the  diameter,  and  between  the  ordinate  and  those 
vertices,  be  proportionals  :  or  if,  thirdly,  the  four 
segments  between  the  ordinate  and  each  of  the 
points  L,  A,  B,  C  be  proportionals  ;  or,  last  of  all, 
if  the  four  segments  between  the  point  L,  and 
each  of  these  points  A,  C,  D,  B  be  proportionals ; 
then  the  straight  line  EL,  touches  the  ellipsis. 

Case  1.  If  EL  does  not  touch  the  ellipsis,  let  EP  touch 
it:  therefore,  by  the  preceding  proposition,  CP,  CB,  CD 
are  proportionals  :  but,  by  hypothesis,  CL,  CB,  CD  are 
likewise  proportionals  ;  CP  is,  therefore,  equal  to  CL  ; 
tvhich  is  absurd  :  consequently  EL  touches  the  ellipsis. 

Case  2.  Because,  by  hypothesis,  AL  is  to  BL  as  AD, 
to  BD  ;  by  composition,  AL  and  BL  together  are  to  BL? 
as  AB  to  BD  :  take  the  halves  of  the  antecedents,  and 
CL  is  to  BL,  as  CB  to  BD  ;  and,  by  conversion,  CL  is 
to  CB,  as  (preced.  prop.)  CB  to  CD :  therefore,  by  the 
first  case,  EL  touches  the  ellipsis. 

Case  3.  Since  DL  is  to  DA,  as  DB  to  DC  ;  by  com¬ 
position,  LA  is  to  AD,  as  BC  or  CA  to  CD;  the  re¬ 
mainder  CL  (19.  5.  Elem.)  is,  therefore,  to  the  remain- 
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der  AC  or  CB,  as  CB  to  CD  ;  and  therefore,  by  the  first 
case  again,  EL  touches  the  ellipsis. 

Case  4.  Because  by  hypothesis,  AL  is  to  CL  as  DL 
to  BL ;  therefore,  by  division,  AC  or  CB  is  to  CL,  as 
DB  to  BL  ;  therefore  CB  is  to  CL,  as  the  remainder  CD 
to  the  remainder  CB  ;  and,  inversely,  CL  is  to  CB  as 
CB  to  CD  :  therefore  EL  touches  the  ellipsis,  by  the 
same  first  case. 

PROP.  XIX.  THEOR. 

If  from  two  vertices  of  two  conjugate  diameters  two 
straight  lines  be  ordinately  applied  to  another  dia¬ 
meter,  the  square  of  the  segment  (of  that  other  di¬ 
ameter)  intercepted  between  either  ordinate  and 
the  centre,  is  equal  to  the  rectangle  contained  by 
the  segments  between  the  other  ordinate  and  the 
vertices  of  that  same  diameter. 

Let  CA,  CB  (fig.  17.)  be  the  two  conjugate  diameters, 
of  which  the  points  A,  B  are  vertices ;  from  A,  B  let 
AF,  BG  be  ordinately  applied  to  another  diameter  DE  ; 
the  square  of  CG,  intercepted  between  the  ordinate  BG 
and  the  centre,  is  equal  to  the  rectangle  EFD  contained 
by  the  segments  intercepted  between  the  other  ordinate 
AF  and  the  vertices  of  DE  :  and  likewise  the  square  of 
CF  is  equal  to  the  rectangle  EGD. 

Draw  AH,  BK  touching  the  ellipsis  in  A,  B,  and  meet¬ 
ing  the  diameter  ED  in  H,  K  :  then,  because  both  CB, 
AH,  and  BG,  AF,  are  parallel,  the  triangle  CBG  is  equi¬ 
angular  to  HAF  ;  and  because  BK  is  parallel  to  CA,  the 
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triangle  CBK  is  also  equiangular  to  HAC  ;  therefore  CG 
is  to  FH,  as  CB  to  AH,  that  is,  as  CK  to  CH  :  but  CD 
is  a  mean  proportional  both  between  CG,  CK,  and  be¬ 
tween  CF  (16.  2.)  CH  ;  therefore  CF  is  to  CG,  as  CK  to 
CH  :  and  as  hath  been  shown,  CG  is  to  FH,  as  CK  to 
CH ;  therefore  (11.5.  Elem.)  as  CF  to  CG,so  is  CG  to 
FH  :  and  consequently,  the  square  of  CG  is  equal  to  the 
rectangle  CFH.  But  the  rectangle  EFD  is  equal  to  the 
same  (1.  cor.  17.  2.)  CFH  ;  hence  the  square  of  CG  is 
equal  to  the  rectangle  EFD  ;  take  these  equals  from  the 
square  of  CD,  and  there  will  remain  the  rectangle  EGD 
equal  to  the  square  of  CF  (4.  and  5.  2.  Elem.) 

* — 

Cor.  1.  Hence  the  semi-diameter  CD,  to  which  the 
ordinates  are  drawn,  is  to  its  semi-diameter  conjugate 
CL,  as  the  distance  between  either  ordinate  and  the  cen¬ 
tre  is  to  the  other  ordinate:  for  the  square  of  CD  is  to 
the  square  of  CL  as  the  rectangle  EFD  to  the  square  of 
AF,  that  is,  (by  the  proposition)  as  the  square  of  CG  to 
the  square  of  AF  ;  therefore  CD  is  to  CL,  as  CG  to  AF. 
In  like  manner,  it  may  be  shown  that  CD  is  to  CL,  as 
CF  to  BG. 

Cor.  2.  The  squares  of  the  segments  of  the  diameter 
to  which  the  ordinates  are  drawn,  between  the  ordinates 
and  the  centre,  are  together  equal  to  the  square  of  the 
semi-diameter.  For  since  the  square  of  CG  is  equal  to 
the  rectangle  EFD  ;  therefore  the  square  of  CF,  to¬ 
gether  with  the  square  of  CG,  is  equal  to  the  square  of 
CF,  together  with  the  rectangle  EFD,  that  is,  to  the 
(5.  2.  Elem.)  square  of  CD. 

Cor.  3.  Hence  the  sum  of  the  squares  of  any  two  con- 
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jugate  diameters  is  equal  to  the  sum  of  the  squares  of 
the  axes.  Let  CD,  CL  be  the  semi-axis,  and  CA,  CB 
conjugate  semi-diameters  j  let  AF,  BG  be  perpendicu¬ 
lars  to  CD,  and  AM,  BN  perpendiculars  to  CL  :  then, 
because  the  square  of  CD,  as  was  proved  in  the  preced¬ 
ing  corollary,  is  equal  to  the  square  of  CF,  together  with 
the  square  of  CG  ;  and  that,  by  the  same  corollary,  the 
square  of  CL  is  equal  to  the  square  of  CM,  together 
with  that  of  CN,  that  is,  to  the  square  of  AF,  together 
with  that  of  BG  ;  therefore  the  squares  of  CD,  CL  are 
together  equal  to  the  squares  of  CF,  CG,  AF,  BG  :  but 
the  squares  of  AC,  BC  are  together  (47.  1.  Elem.)  equal 
to  the  same  squares  of  CF,  CG,  AF,  BG  ;  and  there¬ 
fore  the  sum  of  the  squares  of  AC,  BC  is  equal  to  the 
sum  of  the  squares  of  CD,  CL. 

PROP.  XX.  THEOR. 

6 

If  through  the  vertices  of  two  conjugate  diameters 
four  straight  lines  be  drawn  touching  the  ellipsis  ; 
the  parallelogram  contained  by  these  straight  lines, 
is  equal  to  that  contained  by  the  tangents  drawn 
through  the  vertices  of  any  other  two  conjugate 
diameters. 

Let  the  straight  lines  OV,  OY,  YX,  XV  (fig.  17.) 
touch  the  ellipsis  in  the  vertices  A,  B,  and  in  the  oppo¬ 
site  vertices  of  two  conjugate  diameters  AC,  BC  ;  in  like 
manner,  let  PT,  PR,  RS,  ST  touch  the  ellipsis  in  the 
vertices  of  the  conjugate  diameters  DC,  LC  ;  the  figures 
OVXY,  PRST  are  (6.  cor.  10.  2.)  parallelograms,  and 
equal  to  each  other. 
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To  the  diameter  CD  draw  AF,  BG  parallel  to  CL  ; 
and  to  the  diameter  CL  draw  AM,  BN  parallel  to  CD ; 
and  let  AO,  BO  meet  the  same  CD  in  the  points  H,  K  ; 
and  having  joined  BH,  complete  the  parallelogram 

HCNQ: 

Then,  because  AH  touches  the  ellipsis,  and  that  AF  is 
drawn  ordinately  applied  to  the  diameter  CD  ;  therefore 
CH  is  to  CD,  as  CD  to  CF  (17.  2.)  And,  by  the  first 
corollarv  of  the  foregoing  proposition,  CD  is  to  CL,  as 
CF  to  BG  :  therefore,  ex  aequo ,  CH  is  to  CL,  as  CD 
BG,  or  QH  :  and  the  angles  DCL,  CHQ  are  equal,  for 
they  are  alternate ;  therefore  the  parallelogram  DL  is 
equal  to  the  parallelogram  (14.  6.  Elem.)  NH  :  but  NH 
is  the  double  of  the  triangle  CBH,  upon  the  same  base 
CH,  and  between  the  same  parallels  ;  and  likewise  the 
parallelogram  AC  BO  is  the  double  of  the  same  triangle 
CBH,  upon  the  same  base  CB,  and  between  the  same 
parallels  CB,  AH:  therefore  ACBO  is  equal  to  NH; 
and  the  parallelogram  DL,  as  hath  been  shown,  is  equal 
to  the  same  NH ;  therefore  the  parallelograms  DL,  AB 
are  equal :  and  thus  the  parallelograms  PRST,  OVX Y, 
which  are  the  quadruples  of  DL,  AB,  are  likewise  equal. 

PROP.  XXL  THEOR. 

If  a  straight  line  touching  an  ellipsis,  meet  two  con- 

.  * 

jugate  diameters ;  the  rectangle  contained  by  its 
segments  between  the  point  of  contact  and  the  dia¬ 
meters,  is  equal  to  the  square  of  the  semi-diame¬ 
ters  conjugate  to  that  which  passes  through  the 
point  of  contact. 
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Let  the  straight  line  HZ  (fig.  17.)  touch  the  ellipsis 
in  the  point  A,  and  let  it  meet  the  conjugate  diameters 
CD,  CL  in  H,  Z  ;  let  the  semi-diameter  CB  be  conju¬ 
gate  to  CA;  then  the  rectangle  HAZ  is  equal  to  the 
square  of  CB. 

For  draw  AF,  BG  parallel  to  the  diameter  CL  :  and 
since  HF  is  to  FC,  as  HA  to  AZ,  the  rectangles  (def.  1. 
6.  Elem.)  HFC,  HAZ  are  similar;  and  IiF  is  to  HA, 
as  CG  is  to  CB  ;  therefore,  since  the  rectangles  HFC, 
HAZ  are  similar,  of  which  HF,  HA  are  homologous 
sides,  and  that  the  squares  of  CG,  CB  are  similar  figures  ; 
the  rectangle  HFC  (22.  6.  Elem.)  is  to  the  rectangle 
HAZ,  as  the  square  of  CG  to  the  square  of  CB  :  but 
the  rectangle  HFC  is  equal  to  the  rectangle  (1.  cor.  1 7.  2.) 
EFD,  that  is,  to  the  (19.  2.)  square  of  CG ;  and  there¬ 
fore  (14.  5.  Elem.)  the  rectangle  HAZ  is  also  equal  to 
the  square  of  CB. 

Cor.  Hence  it  follows,  if  a  straight  line  HAZ  touch 
an  ellipsis,  and  meet  two  diameters  CH,  CZ  ;  if  the  rec¬ 
tangle  HAZ  be  equal  to  the  square  of  CB  the  semi-con¬ 
jugate  to  C  A,  which  passes  through  the  point  of  contact , 
then  CH,  CZ  are  two  conjugate  diameters. 

PROP.  XXII.  THEOR.  h 

If  from  a  point  of  an  ellipsis,  a  straight  line  be  ordi- 
nately  applied  to  a  diameter ;  the  rectangle  con¬ 
tained  by  the  segments  of  the  diameter  is  to  the 
square  of  the  ordinate,  as  the  diameter  is  to  its  la- 
tus  rectum , 
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*  Let  F  (fig.  18.)  be  a  point  in  an  ellipsis  ;  from  F  draw 
FG,  ordinately  to  the  diameter  AB.  The  rectangle  AGB 
is  to  the  square  of  FG  as  the  diameter  AB  to  its  latus 
rectum . 

For  let  BH  be  equal  to  the  latus  rectum ;  and  since 
the  diameter  AB,  its  conjugate  DE,  and  latus  rectum  BH 
(9.  def.  2.)  are  proportionals,  AB  is  to  BH  (2.  cor.  20. 
6.  Elem.)  as  the  square  of  AB  to  the  square  of  DE,  that 
is,  as  the  rectangle  AGB  to  the  square  of  FG  (15.  2.) 

PROP.  XXIII.  THEOR. 

If  from  a  point  of  an  ellipsis  a  straight  line  be  ordi¬ 
nately  applied  to  a  diameter,  and  from  the  vertex 
of  the  diameter  a  straight  line  be  drawn  at  right 
angles  to  it,  and  equal  to  its  latus  rectum;  the 
square  of  the  ordinate  is  equal  to  the  rectangle 
applied  to  the  latus  rectum  ;  having  for  its  breadth 
the  abscissa  between  the  ordinate  and  the  vertex 
of  the  diameter,  but  deficient  by  a  figure  similar, 
and  similarly  situated,  to  the  figure  contained  by 
the  diameter  and  the  latus  rectum . 

Let  F  (fig.  1 8.)  be  a  point  in  the  ellipsis  ;  from  F  draw 
FG,  an  ordinate  to  the  diameter  AB  ;  and  from  the  ver¬ 
tex  of  AB  draw  a  perpendicular  BH,  equal  to  the  latus 
rectum  of  AB  ;  then  the  square  of  FG  is  equal  to  the  rec¬ 
tangle  applied  to  BH  ;  having  the  abscissa  BG  for  its 
breadth,  but  deficient  by  a  figure  similar,  and  similarly 
situated,  to  the  rectangle  BN,  contained  by  the  diameter 
AB  and  latus  rectum  BH. 
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Having  joined  AH,  and  from  G  drawn  GK  parallel  to 
BHj  and  meeting  AH  in  K,  complete  the  parallelograms 
KLHN,  ABHN  :  then,  because  the  rectangle  AGB  is 
to  the  square  of  FG,  as  (22.  2.)  AB  to  BH,  that  is,  as 
AG  to  GK,  that  is,  as  the  (1.  6.  Elem.)  rectangle  AGB 
to  the  rectangle  KGB  ;  therefore  (ex  aequali)  the  rectan¬ 
gle  AGB  is  to  the  square  of  FG,  as  the  same  AGB  to  the 
rectangle  KGB  :  and  thus  the  square  of  FG  is  equal  to 
the  rectangle  KGB,  applied  to  the  latus  rectum  BH  ; 
which  rectangle  has  for  its  breadth  the  abscissa  GB,  but 
is  less  than  the  rectangle  BM,  by  the  figure  KLHM,  si¬ 
milar,  and  similarly  situated,  to  BN  (24.  6.  Elem.) 

From  the  square  of  the  ordinate  being  thus  equal  to 
the  deficient  rectangle  ;  or  that  under  the  abscissa  and 
cm\y?ipart  of  the  latus  rectum ,  Apollonius  called  this 
curve  line  the  ellipsis . 

Cor.  If  from  the  vertex  B  of  the  diameter  AB  any 
straight  line  BO  be  drawn  equal  to  the  latus  rectum , 
though  not  at  right  angles  to  AB  ;  join  AO,  and  through 
G  draw  GP  parallel  to  BO  ;  the  rectangle  PGB  is  equal 
to  the  square  of  FG.  For  AB  is  to  AG,  as  BH  to  GK  : 
but  AB  is  to  AG  as  BO  to  GP  ;  and  BO  is  equal  te 
BH,  therefore  GP  is  also  equal  to  GK* 

PROP.  XXIV.  PROB. 

Two  unequal  straight  lines  which  bisect  each  other 
at  right  angles,  being  given  in  position  and  mag¬ 
nitude,  to  describe  an  ellipsis  of  which  these  straight 
lines  may  be  the  axes. 
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Let  two  unequal  straight  lines  AB,  DE  (fig.  19.) 
which  bisect  each  other  at  right  angles  in  the  point  C, 
be  given  in  position  and  magnitude  ;  it  is  required  to 
describe  an  ellipsis  which  may  have  AB  and  DE  for  the 
axes. 

From  the  extremity  D  of  DE,  the  less  of  the  two, 
place  DF  equal  to  CB,  the  half  of  AB  the  greater;  and 
from  the  centre  D,  with  the  distance  DF,  describe  a  cir¬ 
cle  which  will  meet  AB  in  two  points  G,  H  ;  in  which  fix 
the  ends  of  a  string  of  the  same  length  with  the  straight 
line  AB,  and  describe  an  ellipsis,  as  was  directed  in  the 
first  definition  of  this  book  ;  the  straight  lines  AB,  DE 
will  be  the  axes  of  this  ellipsis. 

For  since  the  points  G,  H  are  the  foci  of  the  ellipsis, 
and  that  GC  is  (3.  3.  Elem.)  equal  to  CH,  the  point  C  is 
its  centre  (3.  def.  2.)  and  since  CA  or  CB  is  equal  to  the 
length  of  the  half  of  the  string,  the  ellipsis  passes  through 
the  points  A,  B  :  it  passes  likewise  through  D  (4.  cor. 
1.  2.)  because  GD  is  equal  to  CA  ;  and  through  E,  be¬ 
cause  CD  is  equal  to  CE. 

PROP.  XXV.  PROB. 

A  straight  line  being  given  in  position  and  magni¬ 
tude,  and  a  point  without  it  being  given;  to 
describe  an  ellipsis,  of  which  that  straight  line 
shall  be  one  of  the  axes,  and  which  shall  pass 
through  that  given  point;  but  the  given  point 
must  be  so  situated,  that  a  perpendicular  drawn 
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from  it  may  fall  between  the  extremities  of  the 
given  straight  line. 

Let  AB  (fig.  19.)  be  the  straight  line  given  in  position 
and  magnitude,  and  K  the  given  point,  so  situated,  that  a 
perpendicular  drawn  from  it  towards  AB  may  fall  be¬ 
tween  the  extremities  A,  B  ;  it  is  required  to  describe  an 
ellipsis  which  may  have  AB  for  one  of  the  axes,  and 
which  may  pass  through  K. 

Draw  KL  at  right  angles  to  AB,  and  find  a  straight 
line  DE  such,*  that  the  square  of  AB  may  be  to  the 
square  of  DE,  as  the  rectangle  ALB  to  the  square  of 
KL ;  and  place  DE  perpendicular  to  AB,  so  that  they 
mutually  bisect  each  other :  and  by  the  last  prop,  with 
the  same  AB,  DE,  as  the  axes,  describe  an  ellipsis ;  this 
ellipsis  will  pass  through  (2.  cor.  15.  2.)  the  point  K. 

PROP.  XXVI.  PROB. 

To  find  a  diameter,  the  centre,  the  axes,  and  the 
foci  of  an  ellipsis  given  in  position. 

Draw  two  straight  lines  parallel  to  each  other,  and  ter¬ 
minated  both  ways  by  the  ellipsis  ;  the  straight  line  which 
bisects  them  is  (4.  cor.  13.  2.)  a  diameter  ;  and  the  point 
bisecting  that  diameter  is  (3.  2.)  the  centre. 

*  Find  a  mean  proportional  X  between  AL  and  LB  (13.  6.  Elem.) 
then  to  the  three  straight  lines  X,  KL,  and  AB,  find  a  fourth  propor¬ 
tional  (12.  6.  Elem.)  which  will  be  the  straight  line  DE  wanted.  For 
the  square  of  X,  that  is,  the  rectangle  ALB  (17.  6.  Elem.)  is  to  the 
square  of  KL  (22.6.  Elem.)  as  the  square  of  AB  to  the  square  of  DE 
Therefore  (6.  2.)  DE  is  the  other  axis. 
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In  order  to  find  the  axes,  find  the  centre  C  (fig.  20.) 
and  in  the  ellipsis  take  any  point  A,  and  join  CA  ;  and 
from  the  centre  C,  and  with  the  distance  AC,  describe  a 
circle  AF  :  if  this  circle  falls  wholly  -without  the  ellip¬ 
sis,  CA  is  the  greatest  of  the  semi-diameters  ;  and  there¬ 
fore  (9.  2.)  the  half  of  the  greater  axis.  Next,  take  any 
point  D,  and  let  a  circle  be  described  from  the  centre  C, 
with  the  distance  CD  ;  if  this  circle  falls  wholly  within 
the  ellipsis,  CD  is  the  least  of  the  semi-diameters ;  and 
therefore  (9.  2.)  the  half  of  the  less  axis.  Or  let  any 
other  point  G  be  taken ;  if  the  circle  described  from  the 
centre  C,  with  the  distance  CG,  falls  neither  wholly  with¬ 
out  nor  wholly  within  the  ellipsis,  the  straight  line  CG  is 
the  half  neither  of  the  greater  nor  of  the  less  axis  ;  the 
circle,  consequently,  must  meet  the  ellipsis  again  :  let 
it  meet  it  in  H  ;  and  having  joined  GH,  bisect  it  in  K ; 
then  CK  will  be  one  of  the  axes,  and  a  straight  line  drawn 
through  the  centre  perpendicular  to  CK  will  be  the  other. 
For  since  GH  is  bisected  by  the  diameter  CK,  it  is  pa¬ 
rallel  to  the  tangent  AL  drawn  through  the  vertex  of 
CK ;  and  CKG  is  a  right  angle  :  therefore  CAL  is  also 
a  right  angle ;  and  therefore  CKA  is  (4.  cor.  10.  2.)  one 
of  the  axes.  The  foci  are  found  as  in  prop.  24. 

PROP. :  XX VII.  PROB. 

Two  conjugate  diameters  of  an  ellipsis  being  given 
in  position  and  magnitude,  to  find  the  axes,  and 
describe  the  ellipsis. 

Let  AB,  CD  (fig.  21.)  be  the  given  diameters;  let 
them  meet  each  other  in  the  centre  E.  Suppose  the 
problem  solved,  that  is,  let  FG,  HK  be  the  axes  to  be 
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found,  and  through  A  draw  the  straight  line  AL  parallel 
to  CD  ;  AL  will  touch  (3.  cor.  14.  2.)  the  ellipsis  in  A, 
and  will  be  given  (28.  dat.)  in  position  :  let  the  same  AL 
meet  the  axes  in  the  points  L,  M  ;  therefore  the  rec¬ 
tangle  LAM  is  equal  to  the  square  of  CE,  the  semicon¬ 
jugate  to  (21.  2.)  AB  :  but  CE  is  given,  and,  conse¬ 
quently,  its  square  is  given ;  therefore  the  rectangle  LAM 
is  given :  let  the  rectangle  E AN  be  equal  to  LAM ;  and 
because  E  A  is  given  in  position  and  magnitude,  AN  is 
also  given  in  position  and  magnitude  ;  and  because  the 
rectangles  LAM,  EAN  are  equal,  the  points  L,  E,  M, 
N  are  (conv.  35.  3.  Elem.)  in  the  circumference  of  a  cir¬ 
cle  :  therefore,  if  EN  is  bisected  in  O,  the  centre  of  the 
circle  will  be  in  the  straight  line  OP,  which  is  at  right 
angles  to  EN  (cor.  1.  3.  Elem  :)  but  LEM  being  a  right 
angle,  the  centre  of  the  circle  is  likewise  in  (cor.  5.  4. 
Elem.)  the  straight  line  LM  :  it  is  therefore  in  the  point 
P,  where  OP,  LM  intersect  each  other :  therefore  the 
centre  P  is  given,  and  the  point  E  is  given :  hence  the 
circle  described  from  the  centre  P,  with  the  distance  PE, 
is  given  in  (6.  def.  dat.)  position  ;  so  likewise  are  the 
points  L,  M,  where  its  circumference  meets  the  straight 
line  AM  given  in  position  :  therefore  the  axes  EL,  EM 
are  given  in  position  :  draw  AQ  at  right  angles  to  the 
axis  FG  ;  and  because  AL  touches  the  ellipsis,  EQ,  EF, 
EL  are  (17.  2.)  proportionals ;  and  EQ,  EL  are  given  : 
therefore  EF  is  given  in  magnitude.  It  may  in  like 
manner  be  proved,  that  EK  is  given  in  magnitude  ;  there¬ 
fore  the  axes  FG,  HK  are  given  in  position  and  magni¬ 
tude  :  and  an  ellipsis  described  through  the  point  A,  with 
the  axis  FG  (25.  2.)  will  have  AB,  CD  two  of  its  conju¬ 
gate  diameters. 
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The  composition  is  as  follows:  produce  EA  to  N, 
so  that  the  rectangle  EAN  may  be  equal  to  the  square  of 
CE  :  bisect  EN  in  O,  and  draw  OP  at  right  angles  to  it, 
meeting  the  straight  line  AL,  which  is  parallel  to  CE  in 
the  point  P  ;  and  h  orn  the  centre  P,  distance  PE,  describe 
a  circle,  and  let  AP  meet  its  circumference  in  the  points 
L,  M  :  join  EL,  EM,  and  draw  AQ  at  right  angles  to 
EL ;  and  between  EQ,  EL  find  (13.  6.  Elem.)  a  mean 
proportional  EF,  and  make  EG  equal  to  EF,  then,  by  the 
25th  proposition  of  this  book,  describe  an  ellipsis,  of  which 
FG  may  be  one  of  the  axes,  and  which  may  pass  through 
the  point  A  :  of  this  ellipsis,  AB,  CD  are  conjugate  dia¬ 
meters.  For  since  AQ  is  perpendicular  to  the  axis  FG, 
and  EQ,  EF,  EL  proportionals,  AL  touches  the  ellipsis 
(18.  2.)  in  the  point  A  ;  and  because  CD  is  parallel  to  the 
tangent  AL,  it  is  in  the  same  position  with  the  conjugate 
diameter  to  AB  ;  and  the  angle  LEM  being  in  a  semicir¬ 
cle  is  a  right  angle ;  consequently  EM  is  the  other  axis  : 
hence  the  rectangle  LAM  is  equal  to  the  square  of  the 
semi-diameter  conjugate  to  AE  (21.  2:)  but  the  same 
rectangle  LAM  is  equal  (35.  3.  Elem.)  to  the  rectangle 
EAN,  that  is,  by  the  construction  to  the  square  of  CE  ; 
therefore  CE  is  the  semi-conjugate  to  AE  :  the  ellipsis 
therefore  passes  through  C ;  and  because  ED  is  equal  to 
EC,  ancj  EB  equal  to  EA,  it  passes  likewise  through  the 
points  D,  B.  Hence  AB,  CD  are  conjugate  diameters  in 
the  ellipsis  described. 

PROP.  XXVIII.  PROB. 

The  position  and  magnitude  of  a  diameter  of  an  el¬ 
lipsis  being  given,  and  the, position  of  a  straight 
line,  passing  through  a  given  point  in  the  ellip- 
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sis,  and  ordinately  applied  to  that  diameter  being' 
also  given ;  to  describe  the  ellipsis. 

Let  AB  (fig.  21.)  be  the  given  diameter,  to  which  RS, 
a  straight  line  given  in  position,  is  ordinately  applied, 
♦  from  a  given  point  R  of  the  ellipsis  to  be  described. 

Bisect  AB  in  the  point  E,  and  draw  through  E  a  straight 
line  parallel  to  RS,  and  in  that  parallel  take  equal  straight 
lines  EC,  ED,  so  that  the  rectangle  ASB  may  be  to  the 
square  of  RS,  as  the  square  of  AE  to  the  square  of  EC 
or  ED.  If  a  mean  proportional  be  found  (13.  6.  Elem.) 
between  AS  and  SB  ;  then  (22.  6.  Elem.)  the  mean  pro¬ 
portional  is  to  RS,  as  AE  to  EC,  which  is  therefore  found 
(12.  6.  Elem.)  then,  by  the  preceding  proposition,  de¬ 
scribe  an  ellipsis  of  which  AB,  CD  may  be  conjugate  di¬ 
ameters  ;  this  ellipsis  will  passthrough  the  (2.  cor.  15.  2.) 
point  R,  and  RS  will  be  ordinately  applied  (4.  cor.  14.  2.) 
to  the  diameter  AB. 

PROP.  XXIX.  THEOR.  0 

If  a  cone  cut  by  a  plane  passing  through  the  axis  be 
cut  also  by  another  plane,  meeting  both  the  sides, 
of  the  triangle  through  the  axis,  but  neither  paral¬ 
lel  to  the  base  of  the  cone,  nor  subcontrarily  situat¬ 
ed  ,  if  that  other  plane,  and  the  plane  in  which  the 
base  of  the  cone  is  situated,  meet  in  the  direction 
of  a  straight  line  perpendicular,  either  to  the  base 
of  the  triangle  through  the  axis,  or  to  that  base  pro¬ 
duced;  the  line  which  is  the  common  section 
of  this  other  plane,  and  the  conical  surface,  is  an 
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ellipsis,  which  has  for  one  of  its  diameters  the 
common  section  of  the  triangle  through  the  axis, 
with  this  same  plane. 

Let  there  be  a  cone  (fig.  22.)  the  vertex  of  which  is  the 
point  A,  and  the  base  the  circle  BC  ;  let  it  be  cut  by  a 
plane  through  the  axis,  and  let  the  section  be  the  triangle 
ABC  ;  let  it  be  cut  likewise  by  another  plane,  meeting 
both  the  sides  AB,  AC,  of  the  triangle  through  the  axis, 
but  neither  parallel  to  the  base  of  the  cone,  nor  subcon- 
trarily  situated  ;  let  the  line  DEF  be  the  common  section 
of  this  other  plane  with  the  conical  surface  ;  and  let  GH, 
the  common  section  of  this  plane,  with  the  base  of  the 
cone  (continued)  be  perpendicular  to  BC  :  then  the  line 
DEF  is  an  ellipsis  ;  and  DF,the  common  section  of  the 
triangle  through  the  axis,  and  this  sam$  plane,  is  one  of 
Hs  diameters. 

i  In  the  section  DEF  take  any  point  E,  and  through  K 
to  DF  draw  EK  parallel  to  HG  ;  and  through  K  draw 
LM  parallel  to  BC:  therefore  the  plane  which  passes 
through  EK,  LM  is  parallel  (15.  11.  Elem.)  to  the  plane 
through  BC,  GH,  that  is,  to  the  base  of  the  cone  :  conse¬ 
quently  the  plane  through  EK,  LM  (23.  1.)  is  a  circle, 
of  which  LM  is  a  diameter:  but  EK  is  perpendicular 
(10.  11.  Elem.)  to  LM,  because  GH  is  perpendicular  to 
BG ;  therefore  the  rectangle  LKM  is  equal  (35.  3. 
Elem.)  to  the  square  of  EK.  In  like  manner,  any  other 
point  N  being  taken  in  the  section  DEF  ;  if  NO  be  drawn 
parallel  to  EK,  or  GH,  and  through  O,  PQ  be  drawn 
parallel  to  BC  ;  it  may  be  shown,  that  the  rectangle  POQ 
is  equal  to  the  square  of  NO:  consequently,  the  square 
of  EK  is  to  the  square  of  NO,  as  the  rectangle  LKM  to 
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the  rectangle  POQ:  but  (by  simil.  trian.)  LK  is  to  PO, 
as  DK  is  to  DO  ;  and  KM  is  to  OQ,  as  KF  is  to  OF  ; 
but  the  ratios  compounded  of  these  ratios  are  the  same  to 
one  another  ;  and  therefore  the  rectangle  LKM  is  to  the 
rectangle  POQ,  as  the  rectangle  DKF  is  to  the  rectangle 
DOF  (23.6.  Elem  :)  and  therefore  (11.  5.  Elem.)  the 
square  of  EK  is  to  the  square  of  NO,  as  the  rectangle  DKF 
to  the  rectangle  DOF.  Describe,  therefore,  an  ellipsis 
(28.  2.)  of  which  DF  may  be  a  diameter,  and  in  which 
EK  may  be  ordinately  applied  to  DF  :  and  because  the 
point  E,  by  construction,  is  in  this  ellipsis,  the  point  N  is 
likewise  in  it  (3.  cor.  15.  2.)  And  the  same  thing  may 
be  demonstrated  with  regard  to  all  the  points  of  the  sec¬ 
tion  DEF. 
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DEFINITIONS. 

I.  IF  in  a  point  taken  upon  a  plane  (fig.  1.)  the  ex¬ 
tremity  E  of  a  ruler  EH  be  so*fixed  that  the  ruler  is  left 
free  to  revolve  about  the  point  E  as  a  centre  ;  and  if  one 
end  of  a  string  shorter  than  the  ruler  be  fixed  in  the  ex¬ 
tremity  H,  and  the  other  end  of  it  in  the  point  F,  which  is 
in  the  same  plane  with  the  point  E  ;  but  the  distance  be¬ 
tween  the  points  E,  F  greater  than  the  excess  of  the 
length  of  the  ruler  above  that  of  the  string ;  and  if  by 
means  of  a  pin  G,  the  string  be  applied  to  the  side  EH  of 
the  ruler :  then  with  the  string  so  applied,  and  kept  uni¬ 
formly  tense,  if  the  ruler  be  moved  about  the  centre,  the 
point  of  the  pin  will  describe  upon  the  plane  a  line,  called 
the  hyperbola. 
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But  if  the  above  order  be  reversed,  and  the  end  E  of 
the  ruler  be  fixed  in  the  point  F,  and  the  end  F  of  the 
string  in  the  point  E,  and  then  a  similar  operation  be  re¬ 
peated,  another  line,  opposite  to  the  former,  will  be  de¬ 
scribed,  which  is  also  called  the  hyperbola  ;  and  both  to¬ 
gether  are  called  opposite  hyperbolas .  These  lines  may 
be  extended  beyond  any  given  distance  from  the  points 
E,  F,  if  a  string  be  taken,  the  length  of  which  exceeds 
that  distance* 

II.  The  points  E,  F,  are  called  the  foci. 

III.  And  the  point  C,  which  bisects  the  straight  line 
between  the  foci,  is  called  the  centre  of  the  hyperbola ,  or 
of  the  opposite  hyperbolas . 

IV.  Any  straight  line  passing  through  the  centre  and 
meeting  the  hyperbolas,  is  called  a  transverse  diameter  ; 
and  the  points  where  a  transverse  diameter  meets  the  hy¬ 
perbolas,  are  called  its  vertices .  Also  any  straight  line 
which  passes  through  the  centre,  and  bisects  a  straight  line 
terminated  by  the  opposite  hyperbolas,  but  not  passing 
through  the  centre,  is  called  a  right  diameter . 

V.  That  diameter  which  passes  through  the  foci,  is 
called  the  transverse  axis • 

VI.  If  from  either  extremity  A  of  the  transverse  axis, 
a  straight  line  AD  be  placed  equal  to  the  distance  be¬ 
tween  the  centre  C  and  either  focus  F,  and  from  A  as  a 
centre,  with  the  distance  AD,  a  circle  be  described,  meet¬ 
ing  a  straight  line  drawn  through  the  centre  €,  at  right 
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angles  to  the  transverse  axis,  in  the  points  B,  b;  the 
straight  line  B b  is  called  the  second  axis.* 

VII.  Two  diameters,  each  of  which  bisects  all  straight 
lines  parallel  to  the  other,  and  terminated  both  ways  by 
the  hyperbola,  or  opposite  hyperbolas,  are  named  conju¬ 
gate  diameters. 

VIII.  When  a  straight  line  not  drawn  through  the 
centre,  yet  terminated  both  ways  by  the  hyperbola,  or 
opposite  hyperbolas,  is  bisected  by  a  diameter,  it  is  said 
to  be  ordinately  applied  to  that  diameter  ;  or  it  is  called 
simply,  an  ordinate  to  that  diameter.  Also  a  diameter 
parallel  to  a  straight  line  ordinately  applied  to  another 
diameter,  is  said  to  be  ordinately  applied  to  this  other  di¬ 
ameter. 

IX.  A  straight  line  which  meets  the  hyperbola  in  only 
one  point,  and  which,  being  produced  both  ways,  falls 
without  the  opposite  hyperbolas,  is  said  to  touch  the  hy¬ 
perbola  in  that  point. 

PROP.  I.  THEOR. 

If  from  a  point  in  an  hyperbola  two  straight  lines  be 
drawn  to  the  foci,  the  excess  of  the  one  above  the 
other  is  equal  to  the  transverse  axis. 

Let  G  be  a  point  in  an  hyperbola  (fig.  1.)  the  excess  of 
GE  above  GF  is  equal  to  the  transverse  axis  A  a. 

Let  EGH  represent  the  ruler,  and  FGH  the  string, 
*  Hence  the  second  axis  is  bisected  in  the  centre  C  (3.  3.  Elem.) 
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the  pin  by  which  the  hyperbola  is  described  being*  sup¬ 
posed  to  remain  at  G  ;  from  EH,  FGH  take  away  the 
common  part  GH  ;  and  the  excess  of  GE  above  GF  will 
be  equal  to  the  excess  of  the  length  of  the  ruler  above 
that  of  the  string ;  and  this  conclusion  will  hold  where- 
ever  the  point  G  shall  be  situated  in  the  hyperbola.  And 
since  the  points  A,  a ,  the  vertices  of  the  transverse  axis, 
are  in  the  opposite  hyperbolas,  the  excess  of  AE  above 
AF  ;  and  also  the  excess  of  «F  above  «E,  are  each  of 
them  equal  to  the  excess  of  the  length  of  the  ruler  above 
that  of  the  string,  that  is,  to  the  excess  of  EG  above  FG ; 
and  therefore  these  two  excesses  are  equal  to  each  other: 
but  let  AF  be  added  to  each  of  the  two  straight  lines 
AE,  AF  ;  and  the  excess  of  AE  above  AF  will  be  equal 
to  the  excess  of  FE  above  twice  AF.  In  like  manner, 
the  excess  of  a¥  above  «E  will  be  equal  to  the  excess  of 
the  same  FE  above  twice  «E  ;  therefore,  FE  exceeds 
twice  AF  by  the  same  excess  by  which  it  exceeds  twice 
£?E  :  twice  AF  is,  therefore,  equal  to  twice  «E  ;  and 
therefore  AF  is  equal  to  «E  :  consequently  the  excess  of 
AE  above  AF  is  equal  to  the  excess  of  AE  above  «E, 
that  is,  to  the  transverse  axis  aA  ;  and  therefore  the  ex¬ 
cess  of  EG  above  GF  is  likewise  equal  to  the  same  trans¬ 
verse  axis’  a  A. 

Cor.  And  since  AF  is  equal  to  aE  and  CF  to  CE, 
therefore  CA  is  equal  to  Ca;  or,  the  transverse  axis  is 
bisected  in  the  centre. 

PROP.  II.  THEOR. 

If  from  a  point  two  straight  lines  are  drawn  to  the 
foci  of  opposite  hyperbolas;  if  the  excess  of  the  one 
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straight  line  above  the  other  be  equal  to  the  trans¬ 
verse  axis,  that  point  is  in  one  of  the  opposite  hy¬ 
perbolas. 

Let  G  (fig.  2.)  be  the  point  from  whence  GE,  GF  are 
drawn  to  the  foci  of  opposite  hyperbolas  ;  if  the  excess 
of  the  one  straight  line  above  the  other  be  equal  to  the 
transverse  axis  «A,  the  point  G  is  in  one  of  the  oppo¬ 
site  hyperbolas. 

Of  the  two  straight  lines  let  GF  be  the  less ;  and  from 
the  centre  F,  distance  FG,  describe  a  circle  meeting  FE 
in  H  ;  take  GK  equal  to  GF,  and  KE,  by  hypothesis,  will 
be  equal  to  the  transverse  axis  A  a  :  and  because  FG,  GE 
are  together  greater  than  FE  ;  therefore  FG,  GK  are  to¬ 
gether  greater  than  FA  and  #E  together  ;  consequently 
(FG,  or)  FH,  the  half  of  FG,  GK,  is  greater  than  FA, 
the  half  of  FA,  «E  ;  and  therefore  the  hyperbola,  to¬ 
wards  the  point  A,  falls  within  the  circle  :  and  since  (def. 
1.  3.)  it  maybe  extended  beyond  any  given  distance  from 
the  focus  F,  it  necessarily  meets  the  circle.  Now  the  hy¬ 
perbola  meets  the  circle  in  the  point  G ;  for  if  not,  let  it 
cut  it  in  another  point  D,  on  the  same  side  of  the  axis 
with  the  point  G  ;  and  join  DE,  DF  :  then  because  the 
point  D  is  in  the  hyperbola  (by  the  first  prop.  3.)  the  ex¬ 
cess  of  DE  above  DF  is  equal  to  the  transverse  axis  A  a  : 
but  by  hypothesis  the  excess  of  GE  above  GF  is  equal  to 
the  same  A  a  ;  and  FG  is  equal  to  FD  :  therefore  EG  is 
also  equal  to  ED  ;  which  is  contrary  to  prop.  7*  b,  1.  of 
Euclid.  Therefore  the  point  G  is  in  the  hyperbola. 
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PROP.  III.  THEOR. 

If  two  straight  lines  be  drawn  from  a  point  without 
an  hyperbola  to  the  foci,  the  excess  of  the  one 
above  the  other  is  less  than  the  transverse  axis ; 
but  if  two  straight  lines  be  drawn  from  a  point 
within  an  hyperbola  to  the  foci,  the  excess  of  the 
one  above  the  other  is  greater  than  the  tranverse 
axis.  On  the  contrary,  any  point  is  without,  or 
within  an  hyperbola  according  as  the  excess  of 
two  straight  lines  drawn  from  that  point  to  the 
foci,  is  less,  or  greater  than  the  transverse  axis. 

From  the  point  L  (fig.  2.)  without  an  hyperbola,  let 
the  two  straight  lines  LE,  LF  be  drawn  to  the  foci  ;  the 
excess  of  the  one  above  the  other  is  less  than  the  trans¬ 
verse  axis  Act.  For  since  L  is  without  and  F  within  the 
hyperbola,  the  straight  line  LF  necessarily  meets  the  hy¬ 
perbola  j  let  LF  meet  it  in  G,  and  join  EG  ;  then  EL  is 
less  than  EG  and  GL  ;  therefore  the  excess  of  EL  above 
LF  is  less  than  the  excess  of  EG  and'GL  together  above 
the  same  LF,  that  is,  than  the  excess  of  EG  above  GF> 
that  is,  less  than  the  transverse  axis  A  a. 

i 

Next,  from  the  point  M  within  the  hyperbola,  draw 
ME,  MF  to  the  foci ;  then  ME  will  necessarily  meet 
the  hyperbola  AG,  because  the  point  M  is  within  and  the 
point  E  without  it  ;  let  it  meet  the  hyperbola  in  N,  and 
join  NF.  Then,  because  MF  is  less  than  MN  together 
with  NF,  the  excess  of  ME  above  MF  is  greater  than 
the  excess  of  the  same  ME  above  MN  together  with 
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NF,  that  is,  than  the  excess  of  NE  above  NF,  that  is 
greater  than  the  transverse  axis  A#. 

The  last  part  of  the  proposition,  or  the  converse  of 
these  now  demonstrated,  is  evident. 

Cor.  Hence,  if  through  the  vertex  A  of  the  transverse 
axis,  a  straight  line  be  drawn  at  right  angles  to  that  axis* 
this  straight  line  is  wholly  without  the  hyperbola,  and  con¬ 
sequently  touches  it. 

For  in  the  straight  line  so  drawn  take  any  point  Q,  and 
join  QF,  QE  ;  and  in  the  axis  place  AR  equal  to 
AF,  and  join  QR  ;  then,  because  AR  is  equal  to  AF, 
that  is,  to  czE,  therefore  RE  is  equal  to  the  transverse 
axis  A  a  ;  also  QF  is  equal  to  QR  :  but  QE  is  less  than 
QR  together  with  RE  ;  and  therefore  the  excess  of  QE 
above  QR  or  QF,  is  less  than  RE,  that  is  less  than  the 
transverse  axis  :  hence  the  point  Q,  and  consequently  the 
straight  line  AQ,  is  without  the  hyperbola. 

PROP.  IV,  THEOR. 

The  square  of  half  the  second  axis,  is  equal  to  the 
rectangle  contained  by  the  straight  lines  between 
either  focus  and  the  vertices  of  the  transverse 
axis. 

Let  A#  be  the  transverse  axis  (fig.  1.)  C  the  centre,  E* 
F  the  foci,  and  B£  the  second  axis,  which,  from  the  defi¬ 
nition  of  it,  is  bisected  in  the  centre  ;  join  AB  ;  and  be¬ 
cause  AB,  CF  are  (6.  clef.  3.)  equal,  the  squares  of  AC* 
CB  are  together  .equal  to  the  square  of  CF,  that  is,  to 
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(6.  2.  Elem.)  the  square  of  AC  together  with  the  rec¬ 
tangle  AFtf :  take  away  the  common  square  of  AG,  and 
there  will  remain  the  square  of  CB  equal  to  the  rectangle 
AFtf. 

PROP.  V.  THEOR. 

If  from  a  point  in  an  hyperbola  a  straight  line  be 
drawn  at  right  angles  to  the  transverse  axis,  and 
from  that  point  a  straight  line  be  drawn  to  the  near¬ 
er  of  the  foci ;  half  the  transverse  axis  is  to  the  dis¬ 
tance  between  that  focus  and  the  centre,  as  the  dis¬ 
tance  between  the  perpendicular  and  the  centre,  is 
to  the  sum  of  half  the  transverse  axis  and  the 
straight  line  drawn  from  the  point  to  that  same 
focus. 

Let  G  be  a  point  in  the  hyperbola  ;  (fig.  3.  4.)  from  G 
draw  GD  perpendicular  to  the  transverse  axis  A  a  ;  and 
from  the  same  point  draw  a  straight  line  GF  to  the  near¬ 
est  focus  F  ;  then  CA,  half  the  transverse  axis,  is  to  CF 
the  distance  between  the  centre  and  the  focus,  as  CD,  the 
distance  between  the  centre  and  the  perpendicular,  is  to 
the  sum  of  half  the  transverse  axis  and  the  straight  line 
drawn  to  the  focus,  that  is,  to  CA  together  with  GF. 

Draw  GE  to  the  other  focus,  and  in  the  axis  a  A  pro¬ 
duced,  place  AH  equal  to  GF,  and  from  the  centre  G, 
and  distance  GF,  describe  a  circle  meeting  the  axis  a  A 
again  in  K,  and  the  straight  line  EG  in  the  points  L,  M  : 
and  because  EF  is  the  double  of  CF,  and  FK  the  double 
of  FD,  therefore  EK  is  the  double  of  CD.  Again,  be- 
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cause  EL  or  A  a  is  the  double  of  C  A,  and  LM  the  double 
of  GF  or  AH,  therefore  EM  is  the  double  of  CH  :  but, 
on  account  of  the  circle,  EL  or  A  a  is  to  EF,  as  EK  to 
EM  (cor.  36.  3.  and  16.  6.  Elem  ;)  take  the  halves  of 
these  proportionals,  and  CA  will  be  to  CF,  as  CD  to 
CH. 

• 

PROP.  VI.  THEOR. 

The  same  construction  remaining  (fi^*  3.  4.)  if  from 
A,  the  vertex  of  the  transverse  axis  nearest  to  G, 
and  in  this  same  axis  produced,  a  part  AH  be 
taken  equal  to  the  distance  between  the  point  G, 
and  the  focus  F ;  the  square  of  the  perpendicular 
GD  is  equal  to  the  excess  of  the  rectangle  EHF, 
contained  by  the  segments  between  the  point  H 
and  the  foci,  above  the  rectangle  ADa  contained 
by  the  segments  between  the  perpendicular  and 
the  vertices  of  the  transverse  axis. 

For  since  the  straight  line  CH  is  cut  into  two  parts  in 
the  point  A,  the  squares  of  CA,  CH  are  together  equal 
to  twice  the  rectangle  ACH,  together  with  the  square  of 
AH  (7.  2.  Elem.)  that  is  because  CA,  CF,  CD,  CH  are 
proportionals  (preced.  prop.)  equal  to  twice  the  rectangle 
FCD,  together  with  the  square  of  AH  or  GF,  that  is, 
equal  to  twice  the  rectangle  FCD,  together  with  the 
squares  of  FD,  DG,  that  is,  equal  to  the  sum  of  the 
squares  of  FC,  CD,  and  DG  (7.  2.  Elem.)  therefore  the 
two  squares  of  CA,  CH  are  equal  to  the  three  squares 
of  CF,  CD,  DG:  but  the  sum  of  the  two  first  is  equal 
(S»  2*  Elem.)  to  the  squares  of  CA,  CF,  together  with 
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the  rectangle  EHF  ;  and  the  sum  of  the  three  last  is  ecj,ual 
(6.  2.  Elem.)  to  the  squares  of  CA,  CF,  DG,  and  the 
rectangle  ADa  :  from  these  equals  take  away  the  com¬ 
mon  squares  of  CA,  CF,  and  there  will  remain  the  rec¬ 
tangle  EHF,  equal  to  the  square  of  DG,  together  with 
the  rectangle  A  Da. 

{  |  PROP.  VII.  THEOR. 

If  from  a  po’  it  in  an  hyperbola  a  straight  line  be 
drawn  perpendicular  to  the  transverse  axis;  the 
square  of  the  transverse  axis  is  to  the  square  of 
the  second  axis,  as  the  rectangle  contained  by  the 
segments  between  the  perpendicular  and  the  ver¬ 
tices  of  the  transverse  axis,  is  to  the  square  of  the 
perpendicular. 

Let  G  (fig.  3.  4.)  be  a  point  in  the  hyperbola  ;  from  G 
draw  GD  perpendicular  to  the  transverse  axis  A  a ;  then 
the  square  of  A  a  is  to  the  square  of  B£,  as  the  rectangle 
ADa,  contained  by  the  segments  between  the  vertices  of 
the  transverse  and  the  point  D,  is  to*the  square  of  GD. 

Having  drawn  the  straight  lines  GE,  GF  to  the  foci, 
place  AH  from  the  nearest  vertex  to  the  focus  F,  of  the 
transverse  axis,  equal  to  GF  the  lesser  of  them  :  then 
because  CH,  CD,  CF,  CA,  are  proportionals:  their 
squares  are  also  proportionals  ;  but  the  square  of  CH  is 
equal  to  the  square  of  CF  together  with  the  rectangle 
EHF,  and  the  square  of  CD  is  equal  to  the  square  of 
CA  together  with  the  rectangle  A  Da  (6. 2.  Elem  ;)  there¬ 
fore,  as  the  whole  square  of  CH,  is  to  the  whole  square 
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of  CD,  so  is  the  square  of  CF  taken  from  the  first,  to  the 
square  of  CA  taken  from  the  second:  therefore  the  re¬ 
maining  rectangle  EHF  is  to  the  remaining  rectangle 
ADa,  as  the  square  of  CF  to  the  square  of  CA  (cor.  19, 
5*  Elem;)  and,,  by  division,  the  excess  of  the  rectangle 
EHF  above  the  rectangle  AD#,  is  to  AD#,  as  the  (6.  2. 
Elem.)  rectangle  AF#  to  the  square  of  C  A  :  but  (by  the 
preceding  prop,  and  4.  3.)  the  square  of  GD  is  to  the 
rectangle  A  Da,  as  the  square  of  CB  is  to  that  of  CA  ; 
and  inversely,  the  square  of  CA  is  to  the  square  of  CB, 
as  the  rectangle  ADa  is  to  the  square  of  GD. 

Cor.  The  squares  of  straight  lines  drawn  perpendicu¬ 
lar  to  the  transverse  axis  from  points  in  an  hyperbola,  or 
in  opposite  hyperbolas,  are  to  one  another,  as  the  rec¬ 
tangles  contained  by  the  segments  intercepted  between 
those  straight  lines  and  the  vertices  of  the  transverse 
axis  ;  as  was  shown  in  the  ellipsis  (1.  cor,  6.  2.) 

PROP.  VIII.  THEOR. ) 

If  from  a  point  in  an  hyperbola  a  straight  line  be 
drawn  perpendicular  to  the  second  axis;  the  square 
of  the  second  axis  is  to  the  square  of  the  trans¬ 
verse,  as  the  sum  of  the  squares  of  half  the  second 
axis,  and  of  its  segment  between  the  perpendicu¬ 
lar  and  the  centre,  is  to  the  square  of  the  perpen¬ 
dicular. 

From  a  point  G  (fig.  3.  4.)  of  an  hyperbola  draw  GN 
perpendicular  to  the  second  axis  B b  ;  the  square  of  B£  is 
to  the  square  of  A  a  as  the  sum  of  the  squares  CB,  CN 
to  be  square  of  GN. 
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Because,  by  the  preceding,  the  square  of  CA  is  to  the 
square  of  CB,  as  the  rectangle  A  Da  is  to  the  square  of 
GD  :  therefore,  inversely,  and  by  proposition  12.  b.  5« 
Elem.  the  square  of  CB  is  to  the  square  of  CA,  as  the 
sum  of  the  squares  of  CB,  GD  is  to  the  square  of  CA, 
together  with  the  rectangle  AD«,  that  is,  as  the  sum  of 
the  squares  of  CB,  CN  is  to  the  square  of  CD  or  GN. 

Cor.  Hence,  if  from  two  points  of  an  hyperbola,  or  of 
opposite  hyperbolas,  perpendiculars  be  drawn  to  the 
second  axis,  the  square  of  the  one  perpendicular  is  to  the 
square  of  the  other,  as  the  sum  of  the  squares  of  half  the 
second  axis,  and  of  the  distance  between  the  former  per¬ 
pendicular  and  the  centre,  is  to  the  sum  of  the  squares  of 
half  the  second  axis,  and  of  the  distance  between  the  lat¬ 
ter  and  the  centre. 

PROP.  IX.  THEOR. 

A  straight  line  terminated  both  ways  by  an  hyperbo¬ 
la,  or  opposite  hyperbolas,  and  parallel  to  either 
axis,  is  bisected  by  the  other  axis  ;  or,  what  is  the 
same  thing,  the  axes  are  conjugate  diameters. 

First,  let  the  straight  line  DE  (fig.  5.)  be  parallel  to 
the  second  axis  B />,  ano  meet  the  transverse  in  F  ;  and 
thus  the  square  of  DF  is  to  the  square  of  EF  as  the  rec¬ 
tangle  AFar  is  to  the  (cor.  7.  3.)  rectangle  AFar:  there¬ 
fore  DF,  FE  are  equal. 

Next,  let  DG  be  parallel  to  the  transverse  axis  Aar,  and 
meet  the  second  axis  Bb  in  K  ;  and  thus  the  square  of  DK 
is  to  the  square  of  KG,  as  the  sum  of  the  squares  of  CB, 
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CK  is  to  the  sum  of  the  same  squares  (cor.  preced.)  of 
CB,  CK:  therefore  DK,  GK  are  equal. 

PROP.  X.  THEOR. 

A  straight  line  terminated  both  ways  by  an  hyper¬ 
bola,  or  opposite  hyperbolas,  and  bisected  by 
either  axis,  is  parallel  to  the  other  axis. 

First,  let  DE  (fig.  5.)  be  bisected  by  the  transverse 
axis  in  F  ;  and  draw  DK,  EL  parallel  to  the  same  axis, 
and  meeting  the  second  axis  in  the  points  K,  L  ;  then, 
because  DF,  FE  are  equal,  KC,  CL  are  also  equal: 
but  the  square  of  DK  is  to  the  square  of  EL,  as  the 
squares  of  CB,  CK  together,  to  the  squares  of  CB,  CL 
together;  therefore  DK,  EL  are  equal,  and  they  are 
parallel :  consequently  DE,  KL  are  also  parallel  (33.  L 
Eiem.) 

Next,  let  DG  be  bisected  by  the  second  axis  in  the 
point  K,  and  draw  DF,  GM  parallel  to  the  same  axis? 
and  meeting  the  transverse  axis  in  F,  M  ;  then,  because 
DK,  GK  are  equal,  FC,  CM  are  likewise  equal;  and, 
of  consequence,  FA,  cM  are  equal:  now  the  square  of 
DF  is  to  the  square  of  GM,  as  the  rectangle  AFa  to  the 
rectangle  AM#;  but  the  rectangles  AF«,  AMa  are 
equal;  and  therefore  the  straight  lines  DF,  GM  are 
equal,  and  they  are  parallel ;  consequently  DG,  FM  are 
likewise  parallel  (33.  1.  Elem.) 

Cor.  It  is  manifest  from  the  demonstration,  that  the 
straight  lines  DF,  GM,  which  are  parallel  to  either  axis 
R£,  cut  off,  between  the  centre  and  the  points  where 
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they  meet  the  other  axis,  equal  segments  FC,  MC,  are 
also  equal.  In  the  same  manner,  DK,  EL  are  equal, 
which  are  parallel  to  the  axis  A «,  and  cut  off  the  equal 
segments  CK,  CL. 

And  the  contrary:  if  DF,  GM  are  equal  to  each 
other,  and  parallel  to  B6,  they  cut  off  equal  segments 
FC,  MC.  In  like  manner,  if  DK,  EL  be  equal  to  each 
other,  and  parallel  to  A they  cut  off  eqi  al  segments 
CK,  CL. 

PROP.  XI.  THEOR. 

Any  straight  line  perpendicular  to  the  transverse 
axis,  and  meeting  it  below  the  vertex,  will  meet 
the  hyperbola  in  two  points. 

Let  DC  (fig.  6.  7.)  be  perpendicular  to  the  trans¬ 
verse  axis  Atf,  and  meet  it  in  C,  below  the  vertex  A ; 
then  DC  meets  the  hyperbola  in  two  points.  Let  E,  F 
be  the  foci ;  and  from  C,  place  CG  equal  to  CF,  the 
distance  between  C  and  the  nearest  focus ;  and  from  the 
other  focus  place  EK  (fig.  6.)  equal  to  the  transverse 
axis  A  a.  If  then,  the  point  C  be  below  the  focus  F,  it 
is  evident,  that  EK  is  less  than  EG  :  but  in  the  other 
case  where  the  point  C  is  above  F ;  since  A «,  EK 
(fig.  7.)  are  equal,  AK  is  equal  to  aE,  that  is,  to  AF ; 
and,  by  hypothesis,  FC  is  less  than  FA;  twice  FC  is, 
therefore,  less  than  twice  FA,  that  is,  FG  is  less  than 
FK ;  and  thus  EK  is  less  than  EG  :  make  then  as  EK 
to  EF,  so  is  EG  (fig.  6.  7.)  to  a  fourth  proportional  EH  ; 
and  since  EK  is  less  than  each  of  the  two  EF,  EG,  and, 
of  consequence,  much  less  than  EH;  therefore  EK, 
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EH  are  (25.  5.  Elem.)  together  greater  than  EI£,  EG 
together.  From  these  unequals  take  away  twice  EK, 
and  KH  will  be  greater  than  KF  and  KG  together,  that 
is,  than  twice  KC  ;  for  CF  is  equal  to  CG :  hence,  if 
KK  is  bisected  in  L,  KL  will  be  greater  than  KC  ;  and 
therefore  the  point  L  falls  below  the  straight  line  CD  ; 
and  a  circle  described  from  the  centre  E,  with  the  dis¬ 
tance  EL,  will  necessarily  meet  CD  in  two  points  D,  d» 
Describe,  from  the  centre  D,  distance  DF,  another 
circle,  which  (3.  3.  Elem.)  will  pass  through  the  point 
G  ;  join  DE,  and  let  this  circle  meet  it  in  the  points  M, 
N  ;  and  because  EK  is  to  EF,  as  EG  to  EH,  the  rec¬ 
tangle  HEK  is  equal  to  the  rectangle  FEG,  that  is,  to 
the  rectangle  MEN  (cor.  36.  3.  Elem;)  and  ED,  EL 
are  equal ;  and  thus  their  squares  are  equal ;  from  which 
take  away  the  equal  rectangles  MEN,  HEK,  and  the 
remaining  square  of  DM,  or  DF  is  equal  to  the  remain¬ 
ing  square  of  KL  (6.  2.  Elem.)  consequently  DM  and 
KL  are  equal,  and  which  being  taken  from  the  equals 
ED,  EL,  the  remainder  EM  is  equal  to  the  remainder 
EK,  or  the  transverse  axis  Art ;  and  EM  is  the  excess 
of  DE  above  DF  :  therefore  the  point  D  is  in  the  hyper¬ 
bola.  In  like  manner  it  may  be  demonstrated,  that  the 
point  d  is  in  the  hyperbola. 

DEFINITION  X. 

If  through  one  of  the  vertices  (fig.  8.)  of  the  trans¬ 
verse  axis  a  straight  line  be  drawn  equal  and  parallel  to 
the  second  axis,  and  bisected  by  the  transverse  axis  ;  the 
straight  lines  drawn  through  the  centre  and  the  extre¬ 
mities  of  the  parallel  are  called  the  asymptotes . 
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Cor.  1.  The  asymptotes  of  two  opposite  hyperbolas 
are  common  to  both. 

For  let  CD,  CE  be  the  asymptotes  of  the  hyperbola 
AF,  and  draw  through  the  vertex  A  of  the  transverse 
axis  the  straight  line  DAE  parallel  to  the  second  axis 
B£,  and  through  the  other  vertex  a  the  straight  line  dae 
parallel  to  DE  ;  then  because  CD,  CE  are  asymptotes, 
DA,  AE  are  each  of  them  equal  and  parallel  to  CB, 
half  the  second  axis  :  and  because  DE,  de  are  parallel, 
and  CA,  C a  equal  (by  simil.  trian.)  ad ,  ae  are  equal  and 
parallel  to  AD,  AE  ;  consequently  they  are  equal  and 
parallel  to  half  the  second  axis  :  therefore  C <f,  Ce  the 
continuations  of  CD,  CE,  are  also  asymptotes  of  the  op¬ 
posite  hyperbola  a . 

Cor.  2.  The  asymptotes  are  parallel  to  straight  lines 
joining  the  extremities  of  the  axes  ;  for  if  AB,  bA  be 
joined,  CE,  CD  are  parallel  to  them  (33.  1.  Elem.) 

PROP.  XII.  THEOR. 

The  asymptotes  do  not  meet  the  hyperbola. 

Let  there  be  an  hyperbola,  the  transverse  axis  of 
which  is  A  a  (fig.  8.)  and  the  centre  C  ;  and  through  A 
draw  a  straight  line  perpendicular  to  CA,  and  in  this 
perpendicular  take  AD,  AE,  equal,  each  of  them,  to 
half  the  second  axis  ;  join  CD,  CE  ;  which  are  there¬ 
fore  the  asymptotes :  now  if  possible,  let  CD  meet  the 
hyperbola  in  F,  and  through  F  draw  a  straight  line 
parallel  to  DA,  and  meeting  the  axis  A  a  in  G ;  and 
since  the  rectangle  AG  a  is  to  the  square  of  GF,  as  the 
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square  of  CA  is  (7.  3.)  to  that  of  CB  or  AD,  that  is,  as 
the  square  of  CG  is  to  that  of  GF,  therefore  the  rec¬ 
tangle  AGtf  is  equal  to  the  square  of  CG;  which  is  ab* 
surd  (6.  2.  Elem.)  the  asymptote,  therefore,  meets  not 
the  hyperbola  in  F.  In  like  manner  it  may  be  shown, 
that  it  does  not  meet  the  hyperbola  in  any  other  point. 

A  PROP.  XIII.  THEOR. 

If  through  a  point  of  an  hyperbola  a  straight  line  be 
drawn  parallel  to  the  second  axis,  and  meeting  the 
asymptotes ;  the  rectangle  contained  by  its  seg¬ 
ments  intercepted  between  the  asymptotes  and  that 
point,  is  equal  to  the  square  of  half  the  second 
axis. 

Let  F  (fig.  8.)  be  a  point  in  the  hyperbola ;  through 
F  draw  KFL  parallel  to  the  second  axis,  and  meeting  the 
asymptotes  in  the  points  K,  L ;  the  rectangle  KFL, 
is  equal  to  the  square  of  CB. 

Through  the  vertex  A  of  the  transverse  axis  draw 
DAE,  meeting  the  asymptotes  in  the  points  D,  E  ;  and 
let  KL  meet  the  same  axis  in  G  :  therefore  AD,  AE 
are  each  of  them  equal  and  parallel  to  half  the  second 
axis.  To  the  second  axis  draw  the  straight  line  FM 
parallel  to  CA;  and,  by  prop.  8.  of  this  book,  the  square 
of  CB  or  AD  will  be  to  the  square  of  CA,  as  the  sum 
of  the  squares  of  CB,  CM  is  to  the  square  of  FM  or 
GC  ;  and  (by  simil.  trian.)  the  square  of  AD  is  to  the 
square  of  AC,  as  the  square  of  KG  to  the  square  of  GC  ; 
therefore  the  sum  of  the  squares  of  CB,  CM  is  to  the 
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square  of  GC,  as  the  square  of  KG  is  to  the  same  square 
of  GC  :  consequently  the  sum  of  the  squares  of  CB, 
CM  is  equal  to  (9?  5.  Elem.)  the  square  of  KG:  from 
these  equals  take  the  equal  squares  of  CM,  FG,  and  the 
remaining  square  of  CB  is  (5.  2.  Elem.)  equal  to  the  re¬ 
maining*  rectangle  KFL.  In  like  manner,  if  KL  meets 

the  hyperbola  again  in  H,  it  may  be  shown,  that  the  rec- 
„  "  * 
tangle  KHL  is  equal  to  the  square  of  CB. 

Cor.  Hence  if  in  a  straight  line  KL  terminated  by 
the  asymptotes,  and  parallel  to  the  second  axis,  there  be 
taken  a  point  F,  so  situated,  that  the  rectangle  KFL 
may  be  equal  to  the  square  of  the  second  axis  ;  that  point 
is  in  the  hyperbola. 

PROP.  XIV.)  THEOR. 

If  a  straight  line  meeting  an  hyperbola,  or  the  oppo¬ 
site  hyperbolas  in  two  points,  meets  also  the 
asymptotes ;  the  rectangle  contained  by  the  seg¬ 
ments  between  the  asymptotes  and  the  one  point, 
is  equal  to  that  contained  by  the  segments  between 
the  same  asymptotes  and  the  other  point :  and  the 
straight  lines  intercepted  between  the  asymptotes 
and  the  points  in  the  hyperbola  are  equal. 

Let  AB  (fig.  9.)  be  a  straight  line  meeting  the  hyper¬ 
bola,  or  opposite  hyperbolas,  in  the  points  A,  B,  and 
the  asymptotes  in  C,  D  ;  then  the  rectangles  CAD, 
CBD  are  equal ;  and  also  CA,  BD  are  equal. 

Through  the  points  A,  B  draw  straight  lines  parallel 
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to  the  second  axis,  and  meeting  the  asymptotes  in  E,  F 
end  in  G,  H :  and  since,  by  the  preceding  proposition, 
the  rectangles  EAF,  GBH  re  each  of  them  equal  to  the 
square  of  half  the  second  axis,  they  are  equal  to  each 
other;  therefore,  as  EA  to  GB,  so  is  BH  to  AF  :  but 
the  triangles  being  equiangular,  as  EA  to  GB,  so  is  CA 
to  CB  ;  and  as  BH  to  AF,  so  is  BD  to  AD  :  therefore 
as  CA  to  CB,  so  is  BD  to  AD ;  therefore  the  rectangle 
CAD  is  equal  to  the  rectangle  CBD  :  take  away,  or  add 
the  common  rectangle  AC,  BD,  according  as  the  points 
are  in  the  same,  or  in  opposite  hyperbolas,  and  the  rec¬ 
tangle  CAB  is  equal  to  the  rectangle  ABD;  and  there¬ 
fore  the  straight  lines  AC,  BD  are  equal  (1.  6.  Elem.) 

Cor.  If  from  two  points  A,  L  in  an  hyperbola,  to 
either  asymptote  KC  straight  lines  AM,  LN  be  drawn 
parallel  to  the  other  asymptote  ;  and  from  any  other 
point  B  in  the  hyperbola  the  straight  lines  AB,  LB  be 
drawn  meeting  the  same  asymptote  KC  in  C,  O;  then 
CO,  MN  are  equal.  For  let  AB,  LB  meet  the  asymp¬ 
tote  KP  in  the  points  D,  P,  and  to  the  other  asymptote 
KC  draw  BQ  parallel  to  the  asymptote  KP:  because 
AC,  BD  are  equal,  as  also  OL,  BP;  therefore  CM, 
QK  are  equal,  as  also  ON,  QK ;  consequently  CM  is 
equal  to  ON ;  and  MO  being  common,  CO,  MN  are 
likewise  equal. 

PROP.  XV.  THEOR. 

If  through  two  points  in  an  hyperbola,  or  in  oppo¬ 
site  hyperbolas,  two  parallel  straight  lines  be 
drawn  which  meet  the  asymptotes ,  the  rectangles 
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contained  by  their  segments  between  the  points 

and  the  asymptotes  are  equal. 

Let  A,  B  (fig.  10.  n.  1.)  be  two  points  in  an  hyper¬ 
bola,  or  in  opposite  hyperbolas,  through  these  points 
draw  CD,  EF  parallel  to  each  other,  and  meeting  the 
asymptotes  OC,  OD  in  the  points  C,  D  and  E,  F  ;  the 
rectangles  CAD,  EBF  are  equal. 

Through  the  points  A,  B  to  the  asymptotes  draw  the 
straight  lines  GAH,  KBL  parallel  to  the  second  axis ; 
and  because  the  rectangles  GAH,  I£BL  are  each  of 
them  equal  (13.  3.)  to  the  square  of  half  the  second  axis, 
they  are  equal  to  each  other:  therefore  GA  is  to  KB,  as 
BL  to  AH:  but  the  triangles  GAC,  KBE  being  equi¬ 
angular,  GA  is  to  KB,  as  CA  to  EB  ;  and  the  triangles 
LBF,  HAD  being  equiangular,  BL  is  to  AH,  as  BF 
to  AD:  therefore  CA  is  to  EB,  as  BF  to  AD;  and 
consequently  the  rectangles  CAD,  EBF  are  equal. 

Cor.  1.  And  if  through  the  centre  (fig.  10.  n.  2.)  a 
straight  line  AOM  be  drawn  meeting  both  the  hyper¬ 
bolas,  and  parallel  to  the  straight  line  BEF ;  the  square 
of  either  segment  AO,  intercepted  between  the  centre 
and  either  hyperbola,  is  equal  to  the  rectangle  EBF. 
The  demonstration  is  the  same  as  in  the  proposition. 

Cor.  2.  Hence  any  straight  line  drawn  through  the 
centre,  and  terminated  by  opposite  hyperbolas,  is  bisect¬ 
ed  in  the  centre. 

Cor.  3.  If  CD,  EF  (fig.  10.  n.  1.)  meet  an  hyperbola, 
or  its  opposite  hyperbola  again  in  the  points  M,  N,  the 
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rectangle  ACM  or  ADM,  is  equal  to  the  rectangle 
BEN  or  BFN  :  for  AC,  MD  are  equal,  as  also  BF^ 
NE. 

Cor.  4.  And  since  it  has  been  proved,  that  the  square 
of  the  semidiameter  AO  or  OM  (fig.  10.  n.  2.)  is  equal 
to  the  rectangle  EBF,  that  is,  to  BEN;  therefore  BE 
is  to  AO,  as  AO  to  EN  ;  and  consequently  BN  is 
greater  than  (25.  5.  Elem.)  twice  AO,  that  is,  than 
AM  j  that  is,  any  transverse  diameter  is  less  than  any 
other  straight  line  parallel  to  it,  and  terminated  in  op¬ 
posite  hyperbolas. 

/* 

Cor.  5.  If  in  a  straight  line  BN  terminated  by  the 
hyperbolas,  there  be  taken  the  points  E,  F  such,  that 
each  of  the  rectangles  BEN,  BFN  be  equal  to  the  square 
of  the  semidiameter  AO,  which  is  parallel  to  BN  ;  the 
points  E,  F  are  in  the  asymptotes, 

PROP.  XVI.  THEOR. 

If  from  a  point  in  an  hyperbola  to  the  asymptotes 
any  two  straight  lines  be  drawn,  to  which  other 
two  straight  lines  drawn  to  the  asymptotes  from 
any  other  point  in  the  same,  or  opposite  hyper¬ 
bola,  are  parallel ,  the  rectangle  contained  by  the 
former  straight  lines  is  equal  to  that  contained  b^ 
the  latter. 

Let  A,  B  (fig.  11.)  be  points  in  an  hyperbola,  or  in 
opposite  hyperbolas  ;  through  A  draw  the  straight  lines 
AC,  AD  to  the  asymptotes,  and  through  B  draw  BE? 
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BF  parallel  to  AC,  AD :  the  rectangle  CAD  is  equal  to 
the  rectangle  EBF. 

Draw  through  the  points  A,  B  to  the  asymptotes  the 
straight  lines  GAH,  KBL,  parallel  to  the  second  axis, 
and  the  proposition  may  be  demonstrated  in  the  same 
words  with  the  preceding. 

Cor.  1.  Hence,  if  from  two  points  in  an  hyperbola, 
or  opposite  hyperbolas,  to  one  or  both  of  the  asymptotes, 
two  straight  lines  be  drawn  parallel  to  the  other  asymp¬ 
tote,  or  to  both  of  them  ;  the  rectangles  contained  by  each 
parallel  and  the  abscissa  *  between  it  and  the  centre  are 
equal. 

Let  A,  B  be  the  points  ;  through  them  draw  AC  and 
BE,  or  BF,  parallel  to  the  asymptotes ;  the  rectangle  con¬ 
tained  by  the  parallel  AC,  and  the  abscissa  CO  between 
AC  and  the  centre,  is  equal  to  the  rectangle  BEO  or 
BFO.  For,  complete  the  parallelograms  ACOD,  BEOF 
and  the  rectangles  CAD,  EBF,  that  is,  the  rectangles 
ACO,  BEO,  will  be  equal. 

Cor.  2.  And  since  the  rectangles  CAD,  EBF  are 
equal,  AC  is  to  BE,  as  BF  to  AD ;  and  the  parallelo¬ 
grams  ACOD,  BEOF  being  equiangular,  they  are  there¬ 
fore  equal  (14.  6.  Elem.) 

\ 

*  In  ganeral,  the  parts  cut  off  in  an  indefinite  straight  line,  and  esti¬ 
mated  from  a  given  point,  by  parallels  drawn  from  any  cu’ ve  line,  and 
forming  with  it  a  given  angle,  are  called  Abscissa,  or  abscissas  ;  and  the 
parallels  are  called  Ordinates  to  that  curve. 
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PROP.  XVII.  THEOR. 

Any  straight  line  drawn  through  the  centre,  and 
within  the  angle  contained  by  the  asymptotes, 
meets  the  hyperbola. 

Let  AB,  AC  be  the  asymptotes  (fig.  12.)  and  AD  the 
half  of  the  transverse  axis,  and  let  AE  be  any  straight 
line  drawn  through  the  centre,  and  passing  within  the 
angle  BAC  ;  this  straight  line  AE  meets  the  hyperbola. 
For  if  AE  meets  not  the  hyperbola,  through  D  draw 
BDC  parallel  to  the  second  axis,  and  meeting  the  asymp¬ 
totes  in  B,  C  ;  draw  also  DF  parallel  to  AB,  and  let  DF 
meet  AE  in  F  ;  and  having  taken  BG  equal  to  DF,  join 
GF,  which  will  be  equal  and  parallel  to  BD,  and  will 
therefore  meet  the  transverse  axis  at  right  angles,  and  so 
will  cut  the  hyperbola  (11.3  :)  let  it  cut  it  in  H  on  the 
same  side  of  AD  with  the  point  F  ;  and  let  it  meet  the 
other  asymptote  in  K :  since,  therefore,  the  point  F  is 
without  the  hyperbola,  GH  is  greater  than  GF,  that  is, 
than  BD  ;  and  HK  is  greater  than  DC :  therefore  the 
rectangle  GHK  is  greater  than  the  rectangle  BDC,  that 
is,  than  the  square  of  BD  :  but,  by  the  13th  of  this  book, 
the  rectangle  GHK  is  equal  to  the  square  of  BD  ;  which 
is  absurd.  Therefore  AE  necessarily  meets  the  hyper¬ 
bola. 

Cor.  If  from  the  centre  (fig.  10.  n.  2.)  a  straight  line 
OA  be  drawn  within  the  angle  contained  by  the  asymp¬ 
totes  ;  and  the  square  of  this  straight  line  be  equal  to  the 
rectangle  EBF,  contained  by  the  segments  pf  any  straight 
line  parallel  to  OA,  which  are  intercepted  between  the 
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point  B,  where  that  parallel  meets  the  hyperbola,  and  the 
points  E,  F  where  it  meets  the  asymptotes  ;  the  point  A 
is  in  one  of  the  hyperbolas.  For,  according  to  the  pro¬ 
position,  the  straight  line  OA  necessarily  meets  the  hy¬ 
perbola  ;  if,  therefore,  it  meets  not  the  hyperbola  in  A, 
it  must  meet  it  in  some  other  point  P ;  and  then  the 
square  of  OP  will  be  equal  to  the  (1.  cor.  15.  3.)  rec¬ 
tangle  EBF,  that  is,  to  the  square  of  OA  ;  which  is 
absurd.  Therefore  the  point  A  is  in  the  hyperbola. 

/  PROP.  XVIII.  (PROP.  13.  B.  2.  APOLL.) 

If  within  the  angle  contained  by  the  asymptotes,  any 
straight  line  be  drawn  parallel  to  either  of  the 
asymptotes ;  it  meets  the  hyperbola  in  one  point 
only,  and  passes  within  the  hyperbola. 

•  Let  there  be  an  hyperbola  (fig.  12.)  the  asymptotes 
of  which  are  AL,  AM  ;  take  any  point  N,  and  through 
N  draw  NO  parallel  to  AL  ;  the  straight  line  NO  will 
meet  the  hyperbola.  For,  if  possible,  let  NO  not  meet 
the  hyperbola ;  in  the  hyperbola  take  any  point  P, 
through  which  draw  PQ,  PM  parallel  to  AM,  AL  ; 
and  make  the  rectangle  ANO  equal  to  MPQ;  and  hav¬ 
ing  joined  AO,  produce  it,  AO  will  meet  the  hyperbola 
(17.  3.)  let  it  meet  it  in  the  point  R,  and  through  R 
draw  RS,  RT  parallel  to  AM,  AL  ;  therefore  the  rec¬ 
tangle  MPQ  is  equal  to  the  (16.  3.)  rectangle  TRS  : 
but  the  rectangle  ANO  is  made  equal  to  the  same 
MPQ;  consequently  the  rectangle  TRS,  that  is,  the 
rectangle  ATR,  is  equal  to  ANO  ;  which  is  impossible ; 
because  RT  is  greater  than  NO,  and  AT  greater  than 
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AN  :  therefore  NO  must  meet  the  hyperbola.  Let  it 
meet  it  in  the  point  V  ;  and  it  remains  to  be  proved  that 
it  does  not  meet  it  in  any  other  point :  for,  if  possible, 
let  it  meet  the  hyperbola  likewise  in  X,  and  through  V, 
X  draw  VY,  XL  parallel  to  AM  ;  therefore  the  rec¬ 
tangle  NVY  is  equal  to  the  rectangle  NXL  ;  which  is 
absurd:  therefore  NO  meets  the  hyperbola  no  where 
but  in  the  point  V.  Lastly,  in  the  straight  line  NV 
produced,  take  the  point  X,  and  through  X  draw  a 
straight  line  parallel  to  AN,  and  let  this  parallel  meet 
AY  in  L  and  the  hyperbola  in  Z  ;  therefore  the  rectangle 
XL  A  is  greater  than  VYA,  that  is,  than  ZLA  ;  there¬ 
fore  LX  is  greater  than  LZ  ;  and  thus  the  point  X  is 
within  the  hyperbola. 

Cor.  1.  It  appears  from  the  demonstration,  that  a 
straight  line  drawn  through  the  centre,  and  passing  be¬ 
tween  the  asymptotes  ;  meets  the  hyperbola  in  one  point 
only:  for' should  AR  meet  the  hyperbola  in  another 
point  O,  the  rectangles  RTA,  ONA  would  be  equal; 
which  is  absurd. 

Cor.  2.  And  if  a  straight  line  meet  an  hyperbola,  or 
opposite  hyperbolas,  in  two  points  ;  it  meets  both  the 
asymptotes  :  for  if  it  were  parallel  to  the  one  of  the 
asymptotes,  it  would  meet  the  hyperbola  in  only  one 
point. 

Cor.  3.  And  if  a  straight  line  touch  an  hyperbola,  it 
meets  both  the  asymptotes  :  for  if  it  were  parallel  to  the 
one  of  them,  it  would  pass  within  the  hyperbola ;  which 
\s  absurd. 
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Cor.  4.  If  through  the  point  N  in  one  asymptote  a 
straight  line  NO  be  drawn  parallel  to  the  other,  and  in 
this  straight  line,  and  within  the  angle  containing  the 
hyperbola,  a  point  V  be  taken,  making  the  rectangle 
VNA,  contained  by  a  straight  'ine  between  the  asymp¬ 
tote  AM  and  the  point  V,  and  the  abscissa  between  it 
and  the  centre,  equal  to  the  rectangle  PM  A,  contained 
by  a  straight  line  drawn  from  any  point  P  of  the  hyper¬ 
bola,  so  as  to  be  parallel  to  the  asymptote  AL,  and  the 
abscissa  between  this  parallel  and  the  centre ;  the  point 
V  is  in  the  hyperbola.  For  if  NO  meet  not  the  hyper¬ 
bola  in  V,  let  it,  if  possible,  meet  it  in  X ;  the  rec¬ 
tangle  XNA  is,  therefore,  equal  to  the  rectangle  PM  A, 
that  is,  to  the  rectangle  VNA,  which  is  absurd.  There¬ 
fore  the  point  V  is  in  the  hyperbola. 

PROP.  XIX.  THEOR. 

If  through  a  point  A  (fig.  13.)  of  an  hyperbola  a  straight 
line  be  drawn  meeting  both  the  asymptotes  in  the 
points  B,  C  ;  if  from  either  of  the  points  C,  another 
straight  line  CD  be  placed  equal  to  the  straight  line 
intercepted  between  the  point  A  in  the  hyperbola 
and  the  remaining  point  B,  so  that  the  extremity 
D  of  the  straight  line  CD,  and  the  point  A  in  the 
hyperbola,  may  be  either  both  between,  or  both 
beyond,  the  points  B,  C  ;  the  point  D,  in  the 
first  case,  is  in  the  hyperbola  in  which  the  point  A 
is ;  but  in  the  second,  it  is  in  the  opposite  hy* 
perbola. 

Let  G  be  the  centre  of  the  hyperbolas,  and  through 
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AD,  to  either  asymptote  GB,  draw  straight  lines  AE,  DF 
parallel  to  the  remaining  asymptote  :  and,  because  of 
the  parallel^,  BA  is  to  DC,  as  BE  to  FG ;  but  BA,  DC 
are  equal;  therefore  BE,  FG  are  equal;  and  conse¬ 
quently  BF,  EG  are  also  equal:  and  because  of  the 
equiangular  triangles,  AE  is  to  DF,  as  BE  to  BF,  that 
is,  as  FG  to  EG  ;  therefore  the  rectangle  AEG  is  equal 
to  the  rectangle  DFG  :  but  the  point  A  is  in  the  hyper¬ 
bola  ;  and  because  GF  is  an  asymptote,  the  point  D  is 
also  in  the  hyperbola  (4.  cor.  preced.  prop.) 

(prop.  XX.  THEOR.J 

If  a  straight  line  cuts  the  asymptotes,  but  opposite 
to  the  angle  adjacent  to  that  containing  an  hyper¬ 
bola  ;  it  meets  each  of  the  hyperbolas  in  only  one 
point. 

Let  there  be  an  hyperbola  (fig.  13.)  the  asymptotes  of 
which  are  GB,  GC,  and  let  the  straight  lirie  BC  cut  them 
in  the  points  B,  C  ;  and  having  taken  in  the  hyperbolas  any 
point  H,  and  drawn  HIK  parallel  to  BC,  meeting  the 
asymptotes  in  I,  K ;  to  the  straight  line  BC  apply  a  rec¬ 
tangle  equal  to  the  rectangle  IHK,  and  exceeding  by  a 
square  (29.  6.  Elem.)  and  let  either  A,  or  D  be  the 
point  of  application  ;  the  points  A,  D  are  in  the  hyper¬ 
bolas.  For  through  A,  H  draw  the  straight  lines  AE, 
AN,  and  HL,  HM  parallel  to  the  asymptotes  ;  and  be¬ 
cause  the  rectangles  BAC,  KHI  are  equal,  BA  is  to 
KH  as  HI  to  AC  :  but,  because  of  the  equiangular 
triangles,  BA  is  to  KH,  as  AE  to  HL ;  and  HI  is  to 
AC,  as  HM  to  AN ;  therefore  AE  is  to  HL,  as  HM 
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to  AN ;  and  therefore  the  rectangle  EAN,  or  AEG,  is 
equal  to  the  rectangle  MHL,  or  HLG  :  but  the  point 
H  is  in  the  hyperbola  ;  therefore  the  point  A  is  also  in 
the  same,  or  in  the  opposite  hyperbola  (4.  cor.  18.  3.) 
In  the  same  manner  D  is  shown  to  be  in  the  hyperbola 
Opposite  to  that  in  which  the  point  A  is.  And  it  is 
manifest,  that  BC  doe^  not  meet  the  hyperbolas  in  any 
other  point. 

Cor.  Hence,  if  a  straight  line  BC  cut  both  the  asymp¬ 
totes,  but  opposite  to  the  angle  adjacent  to  that  contain¬ 
ing  the  hyperbola,  and  in  BC  produced  a  point  A  be 
taken  such,  that  the  rectangle  BAC  be  equal,  either  to 
KHI,  contained  by  the  segments  of  any  straight  line 
HK  parallel  to  BC,  intercepted  between  the  point  H 
where  HK  meets  the  hyperbola,  and  the  points  K,  I, 
where  it  meets  the  asymptotes,  or  to  the  square  of  the 
semidiameter  parallel  to  BC  ;  the  point  A  is  in  one  of 
the  hyperbolas  (1.  cor.  15.  3.) 

(prop.  XXI.  THEQR. 

If  a  straight  line  cut  both  the  asymptotes  of  an  hyper¬ 
bola,  and  if  the  square  of  half  this  line  be  not  less 
than  the  rectangle  contained  by  the  segments  of 
another  straight  line,  drawn  parallel  to  it,  through 
any  point  of  the  hyperbola,  intercepted  between 
the  hyperbola  and  the  asymptotes ;  this  straight 
line  meets  the  hyperbola. 

Let  there  be  an  hyperbola  (fig.  11.)  the  asymptotes 
of  which  are  OC,  OD,  and  let  a  straight  line  GH  cut 
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them  ;  in  the  hyperbola  take  any  point  M,  and  through 
M  draw  a  straight  line  parallel  to  GH,  meeting  the 
asymptotes  in  K,  L  ;  if  the  square  of  half  GH  is  not  less 
than  the  rectangle  KML,  the  straight  line  GH  meets  the 
hyperbola. 

To  the  straight  line  GH  apply  a  rectangle  equal  to  the 
rectangle  KML,  and  deficient  by  a  square  ;  which,  from 
the  determination,  is  possible  (27.  28.  6.  Elem.)  and  let 
A  be  the  point  of  application  ;  this  point  will  be  in  the 
hyperbola  :  for  if  the  straight  lines  AC,  MN  be  drawn 
through  the  points  A,  M  parallel  to  the  asymptotes,  the 
rectangles  AGO,  MNO  will  be  equal  (1.  cor.  16.  3.) 
because  the  rectangle  GAH  is  (15.  3.)  equal  to  the  rec¬ 
tangle  KML  ;  but  the  point  M  is  in  the  hyperbola^ 
therefore  the  point  A  is  also  in  it.  In  like  manner  it 
may  be  proved,  that  the  other  point  of  application  is  in 
the  hyperbola :  but  if  the  square  of  the  half  of  GH  be 
equal  to  the  rectangle  KML,  the  point  bisecting  GH  is 
the  only  point  of  GH  that  can  be  in  the  hyperbola* 

Cor.  Hence,  if  in  a  straight  line  GH  cutting  the 
asymptotes  OK,  OL  of  an  hyperbola,  a  point  A  be  taken, 
making  the  rectangle  GAH  equal  either  to  the  rectangle 
KML,  contained  by  the  segments  of  any  other  straight 
line  KL  parallel  to  GH,  intercepted  between  the  point  M 
where  KL  meets  the  hyperbola,  and  the  points  K,  L, 
where  it  meets  the  asymptotes  ;  or,  equal  to  the  squares 
of  the  segment  of  the  tangent  parallel  to  GH,  between  the 
asymptote  and  point  of  contact ;  the  point  A  is  in  one  of 
the  hyperbolas. 
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'  V  ^ 

PROP.  XXII.  (PROP.  14.  B.  2.  APOLL.) 

An  asymptote  and  the  hyperbola,  produced  indefi¬ 
nitely,  continually  *  approach ;  and  the  distance 
between  them  becomes  less  than  any  given  dis¬ 
tance. 

Let  there  be  an  hyperbola  (fig.  14.)  the  asymptotes  of 
which  are  AB,  AC,  and  let  D  be  the  given  distance  ;  and 
let  E,  F  be  two  points  in  the  hyperbola,  through  which 
draw  GEH,  CFL  parallel  to  each  other,  and  meeting  the 
asymptotes  in  the  points  O,  H  and  C,  L  ;  join  AE,  and 
let  it  meet  CL  in  K  :  then,  because  the  rectangle  GEH 
(15.  3.)  is  equal  to  the  rectangle  CFL,  LF  is  to  HE,  as 
EG  is  to  FC :  but  LF  is  greater  than  HE,  because  KL 
is  greater  than  HE  ;  therefore  EG  is  also  greater  than 
FC.  In  like  manner  it  may  be  proved,  that  the  parallels 
which  follow  are  successively  less  than  FC.  Take  then 
a  distance  GM  less  than  the  given  distance  D,  and 
through  M  draw  MN  parallel  to  AC  j  therefore  MN 
will  meet  (18.  3.)  the  hyperbola :  let  it  meet  it  in  N,  and 
through  N  draw  ONB  parallel  to  GH  ;  therefore  the  dis¬ 
tance  ON  is  equal  to  GM,  and  therefore  less  than  the 
given  distance  D. 

PROP.  XXIII.  THEOR. 

If  a  straight  line  intercepted  between  the  asymptotes 
meets  the  hyperbola,  and  is  bisected  in  the  point 
where  it  meets  it ;  this  line  touches  the  hyperbola ; 
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and  if  it  touch  the  hyperbola,  it  is  bisected  in  the 

point  of  contact. 

Let  there  be  an  hyperbola  (fig.  15.  n.  1.)  the  asymp¬ 
totes  of  which  are  AB,  AC,  and  let  a  straight  line  BC, 
terminated  by  the  asymptotes,  meet  it  in  the  point  D, 
and  be  bisected  in  D  ;  the  straight  line  BC  touches  the 
hyperbola. 

Through  D  draw  DE  parallel  to  the  one  asymptote 
AC,  and  meeting  the  other  in  E  ;  and  in  BC  take  any 
point  G,  through  which  draw  GH  parallel  to  DE  ;  GH 
will  meet  the  hyperbola  (18.  3)  in  some  point  F  :  then, 
because  BD,  DC  are  equal,  BE,  E  A  are  also  equal ;  and, 
because  of  the  equiangular  triangles,  BE  is  to  ED,  as  BH 
to  HG  ;  therefore  (1.  6.  Elem.)  the  rectangle  BEA  is  to 
the  rectangle  DEA,  as  the  rectangle  BH  A  to  GHA  :  hpt 
the  rectangle  BEA  is  (5.  2.  Elem.)  greater  than  BHA ; 
therefore  the  rectangle  DEA  is  also  greater  (14.  5. 
Elem.)  than  the  rectangle  GHA  ^  that  is,  because  F  is  in 
the  hyperbola,  the  rectangle  FHA  is  greater  than  the 
rectangle  GHA  ;  and  therefore  FH  is  greater  than  HG: 
therefore  the  point  G  is  without  the  hyperbola ;  and 
therefore  the  straight  line  BC  touches  the  hyperbola  in 
the  point  D. 

OTHERWISE. 

If  a  straight  line  LM  (fig.  15.  n.  1.)  terminated  by 
the  asymptotes,  is  bisected  by  the  hyperbola  in  the 
point  D,  it  touches  the  hyperbola  in  this  point. 

It  is  plain  that  the  straight  line  LD  passes  not  within 
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the  hyperbola  ;  for  if  it  passed  within  the  hyperbola  it 
would  necessarily  meet  it  again  in  another  point,  because 
the  points  L,  M  are  without  the  hyperbola  :  but  it  is  im¬ 
possible  for  it  to  meet  the  hyperbola  in  any  other  point 
but  D.  For,  if  possible,  let  it  meet  it  likewise  in  N  ; 
therefore  NM  is  (14.  3.)  equal  to  DL,  that  is,  according 
to  the  hypothesis,  to  DM:  which  is  absurd.  Therefore 
LM  falls  not  within  the  hyperbola,  nor  meets  it  any 
where  but  in  the  point  D  ;  and  therefore  LM  touches  it 
in  D. 

On  the  contrary  :  if  the  straight  line  LM,  terminated 
by  the  asymptotes,  touch  the  hyperbola  in  D,  it  is  bisect¬ 
ed  in  the  point  of  contact. 

For  if  LD,  DM  are  unequal,  from  DM  the  greater 
take  away  MN  equal  to  LD  the  less;  therefore  the 
point  N  is  (19.  3.)  in  the  hyperbola  ;  and  therefore,  con¬ 
trary  to  the  hypothesis,  LM  cuts  the  hyperbola. 

Cor.  1.  Hence  through  the  same  point  of  an  hyper¬ 
bola  (fig.  15.  n.  1.)  only  one  straight  line  can  be  drawn 
touching  the  hyperbola. 

Let  D  be  a  point  in  the  hyperbola,  and  through  that 
point  to  the  asymptote  AB  draw  a  straight  line  D£  pa¬ 
rallel  to  the  other;  and  take  EB  equal  to  EA,  and  hav¬ 
ing  joined  BD,  let  it  meet  the  asymptote  AC  in  C : 
then,  since  BE,  EA  are  equal,  BD,  DC  are  also  equal; 
BC,  therefore,  touches  the  hyperbola  in  D.  And  no 
other  straight  line  can  touch  it  in  the  same  point  D  :  for, 
if  possible,  let  LDM  also  touch  it;  then,  since  BE, 
EA  are  equal,  therefore  LE,  EA  are  unequal;  and 


BOOK  Iir. 


THE  HYPERBOLA, 


131 


consequently  LD,  DM  are  likewise  unequal :  therefore 
LM  does  not  touch  the  hyperbola. 

Cor.  2.  Hence  is  manifest,  the  manner  by  which,  if 
the  asymptotes  AB,  AC  of  an  hyperbola  be  given  in  po¬ 
sition,  a  straight  line  BC  can  be  drawn,  which  shall 
touch  the  hyperbola  in  a  given  point  D. 

Cor.  3.  If  through  the  vertices  (fig.  15.  n.  2.)  of  a 
transverse  diameter  two  straight  lines  be  drawn  touch¬ 
ing  the  hyperbolas,  they  are  parallel  to  each  other.  Let 
AC,  BC  be  the  asymptotes,  and  let  AOB,  QPR  touch 
the  hyperbolas  in  the  vertices  of  the  transverse  diameter 
OCP  ;  the  tangents  AB,  QR  are  parallel.  Draw  to 
either  asymptote  AC  the  straight  lines  OS,  PT  parallel 
to  the  other,  and  the  triangles  SCO,  TCP  are  equian¬ 
gular ;  by  the  proposition,  AO,  OB  are  equal,  and  be¬ 
cause  of  the  parallels,  AS,  SC  are  also  equal ;  and,  in 
like  manner,  QT,  TC  are  equal ;  and  CO  is  to  CP,  as 
CS  to  CT,  and  consequently,  as  CA  to  CQ;  therefore 
the  triangles  OCA,  PCQ  are  equiangular;  and  there¬ 
fore  OA,  PQ  are  parallel. 

Cor.  4.  And  if  a  straight  line  be  drawn  parallel  to  a 
tangent,  and  meeting  the  hyperbola ;  the  square  of  the 
segment  of  the  tangent  between  the  point  of  contact  and 
either  of  the  asymptotes,  is  equal  to  the  rectangle  con¬ 
tained  by  the  segments  of  the  parallel,  between  either 
point  of  concourse  with  the  hyperbola,  and  the  asymp¬ 
totes.  For  this  rectangle  is  equal  to  the  rectangle  con¬ 
tained  by  the  segments  of  the  tangent  (15.  3.)  between 
the  point  of  contact  and  the  asymptotes,  that  is,  equal 
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to  the  square  of  its  segment  between  the  point  of  contact 
and  either  of  the  asymptotes. 

PROP.  XXIV.  PROB. 

S>>  \  / 

'  •  -  /  •  .  ■ 

The  asymptotes  AB,  AC  (fig.  15.  n.  1.)  of  an  hy¬ 
perbola,  and  a  point  F  in  the  same,  being  given 
in  position;  to  draw  a  straight  line  which  shall 
touch  the  hyperbola,  and  be  parallel  to  a  straight 
line  KO,  which  is  given  in  position,  and  cuts 
both  the  asymptotes  of  the  hyperbola,  or  opposite 
hyperbolas. 

Suppose  the  problem  solved ;  and  let  BC  be  parallel 
to  KO,  and  touch  the  hyperbola  in  D  ;  and  having  join¬ 
ed  AD,  let  AD  meet  KO  in  P  ;  draw  FRQ  parallel  to 
AD,  and  meeting  the  asymptotes  in  Q,  R;  and  since 
the  straight  line  BC  touches  the  hyperbola  in  D,  there¬ 
fore  BD  is  equal  to  DC  (23.  3.)  and  consequently  KP  is 
equal  to  PO ;  and  KO  is  given  in  position  and  magni¬ 
tude  ;  therefore  KP  and  the  point  P  are  given  ;  but  the 
point  A  is  given  ;  therefore  the  straight  line  PAD  is 
given  in  position.  Now  the  square  of  AD  is  equal  to 
(1.  cor.  15.  3.)  the  rectangle  QFR ;  and  since  FRQ  is 
given  in  position  (28.  dat.)  and  that  AB,  AC  are  like¬ 
wise  given  in  position;  therefore  FQ,  FR  are  (25.  26. 
dat.)  given;  and  therefore  the  rectangle  QFR  is  given; 
consequently  the  square  of  AD  is  given  ;  and  therefore 
AD  is  given  in  magnitude :  but  the  point  A  is  given  in 
position ;  therefore  the  point  D  is  also  given  (27.  dat.) 
and  (28.  dat.)  therefore  the  straight  line  BDC  is  given 
in  position. 
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The  composition  is  thus  :  let  KO  be  bisected  in  P  ; 
and  having  joined  AP,  draw  through  the  point  F  a 
straight  line  FRQ  parallel  to  AP,  and  meeting  the 
asymptotes  in  the  points  R,  Q;  in  AP  produced,  and 
in  either  direction  from  the  centre,  take  AD  a  mean 
proportional  between  FQ,  FR;  and  through  D  draw 
BDC  parallel  to  KO  ;  then  BC  will  touch  the  hyperbola 
in  D.  For  since  the  square  of  AD  is  equ  il  to  the  rec¬ 
tangle  QFR,  the  point  D  is. (cor.  IT.  3.)  ip  the  hyper¬ 
bola;  and  since  KO,  BC  are  parallel,  and  that  KO  is 
bisected  in  P  by  the  straight  line  PAD,  therefore  BC  is 
bisected  in  D  ;  and  consequently  touches  the  hyperbola 
in  the  same  point  D  (23.  3.) 

~v  PROP.  XXV.  THEOR. 

A  -  r  . 

If  two  straight  lines  touch  an  hyperbola,  or  opposite 
hyperbolas,  and  cut  the  asymptotes  ;  the  rectangle 
contained  by  the  abscissas  of  the  asymptotes  be¬ 
tween  the  centre  and  the  one  straight  line,  is 
equal  to  the  rectangle  contained  by  the  abscissas 
between  the  centre  and  the  other  straight  line. 

Let  there  be  an  hyperbola  (fig.  16.)  with  AB,  AD 
for  its  asymptotes,  let  a  straight  line  BD  touch  it  in  C, 
and  let  another  straight  line  GE  touch  the  same,  or  the 
opposite  hyperbola,  in  F  ;  the  rectangles  BAD,  EAG 
will  be  equal. 

From  the  points  C,  F  draw  CH,  CK,  and  FL,  FM 

parallel  to  the  asymptotes  ;  then  because  BCD  touches 

the  hyperbola,  BC  is  equal  to  CD  (23.  3.)  and  conse- 
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quently  BA  is  the  double  of  AH,  and  AD  the  double  of 
HC  ;  therefore  the  rectangle  BAD  is  the  quadruple  of 
the  rectangle  CHA.  It  may  be  shown  in  the  same  man¬ 
ner,  that  the  rectangle  EAG  is  the  quadruple  of  the 
^rectangle  FMA:  but  (16.  3.)  the  rectangle  CHA  is 
equal  to  the  rectangle  FMA  ;  the  rectangle  BAD  is 
therefore  equal  to  the  rectangle  EAG. 

PROP.  XXVI.  TFIEOR. 

If  two  straight  lines  touching  an  hyperbola,  or  op¬ 
posite  hyperbolas,  meet  the  asymptotes ;  the 
straight  lines  drawn  between  the  points  of  con¬ 
course  are  parallel  to  each  other,  and  to  the 
i  straight  line  joining  the  points  of  contact. 

Let  there  be  an  hyperbola  (fig.  16.)  with  AB,  AD 
for  its  asymptotes  ;  let  BD  touch  it  in  C,  and  EG  touch 
the  same,  or  the  opposite  hyperbola,  in  F ;  join  BE, 
DG,  and  CF ;  the  straight  lines  BE,  DG,  and  CF  are 
parallel. 

Since  the  rectangles  BAD,  EAG  are  equal,  BA  is  to 
EA,  as  GA  to  AD;  therefore  BE,  GD  are  parallel: 
join  DF,  and  let  it  meet  BE  in  N ;  then  since  DF  is  to 
FN,  as  GF  to  FE,  that  is,  as  (23.  3.)  DC  to  CB; 
therefore  BN,  CF  are  parallel. 

Cor.  Hence,  of  two  straight  lines  touching  an  hyper¬ 
bola,  their  segments  between  the  asymptotes,  are  cut 
proportionally,  in  the  point  O  where  the  two  straight 
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lines  intersect  each  other  :  and  also  in  C,  F  the  points  of 
contact. 

PROP.  XXVII.  THEOR. 

Every  straight  line  drawn  through  the  centre  of  an 
hyperbola,  and  passing  within  the  angle  formed 
by  the  asymptotes,  adjacent  to  that  containing  the 
hyperbola,  is  a  right  diameter. 

Let  there  be  an  hyperbola  (fig.  15.  n.  2.)  of  which  AG, 
BC  are  its  asymptotes,  and  draw  any  straight  line  CE 
through  the  centre,  and  within  the  angle  ACD,  adjacent 
to  the  angle  ACB  ;  then  is  CE  a  right  diameter. 

In  BC  produced  take  any  point  D,  and  through  D  to 
CE  draw  a  straight  line  DF  parallel  to  the  asymptote 
CA ;  and  having  made  DG  equal  to  DC,  join  GF,  and 
let  GF  meet  CA  in  H :  then,  since  GH  meets  the 
straight  lines  C  A,  CD,  which  contain  the  angle  adjacent 
to  ACB,  it  must  (20.  3.)  meet  the  hyperbolas:  let  it 
meet  them  in  the  points  K,  L ;  therefore  KH,  LG  are 
equal  (14.  3.)  and  because  CD,  DG  are  equal,  and  CH, 
DF  parallel,  therefore  HF,  FG  are  equal;  consequent¬ 
ly  the  whole  FK  is  equal  to  the  whole  FL ;  and  there¬ 
fore  CF  is  (4.  def.  3.)  a  right  diameter. 

DEF.  XI. 

A  straight  line  drawn  through  the  centre  of  an  hyper¬ 
bola,  bisected  in  the  centre,  and  parallel  to  a  straight 
line  which  touches  the  hyperbola,  and  equal  to  its  seg- 
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ment  between  the  asymptotes,  is  called  the  second  dia¬ 
meter  of  the  diameter  drawn  through  the  point  of  con¬ 
tact. 

'  -  *, 

Cor.  1.  Hence  every  second  diameter  is  a  right  diam¬ 
eter  :  for  it  passes  within  the  angle  formed  by  the  asymp¬ 
totes,  adjacent  to  that  containing  the  hyperbola  (3.  cor. 
18.  3.) 

Cor.  2.  Hence,  the  straight  lines  which  join  the  ver¬ 
tices  of  a  transverse  diameter,  and  of  its  second  diam¬ 
eter,  are  parallel  to  the  asymptotes. 

For  let  OCP  (fig.  15.  n.  2.)  be  a  transvmg^  diameter, 
and  MCN  its  second,  and  AGB  a  straight  line  touching 
the  hyperbola  in  the  vertex  of  the  transverse  OCP ;  the 
straight  lines  MO,  NO  are  (33.  1.  Elem.  and  11  def* 
*3.)  parallel  to  CB,  CA. 

DEF.  XII. 

'  > 

A  third  proportional  t^  two  diameters,  one  of  which 
is  a  transverse  diameter,  and  the  other  its  second  diam¬ 
eter  is  called  the  latus  rectum ,  or  the  parameter  of  that 
diameter  which  is  the  first  of  the  three  proportionals. 

'I  \  "  ft  :  ' 

PROP.  XXVIII.  THEOR. 

If  from  a  point  in  an  hyperbola  to  a  transverse  diam¬ 
eter,  a  straight  line  be  drawn  parallel  to  its  second 
diameter;  the  square  of  the  transverse  is  to  the 
square  of  its  second  diameter,  as  the  rectangle 
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contained  by  the  segments  of  the  transverse,  be¬ 
tween  its  vertices  and  the  parallel,  is  to  the  square 
of  the  parallel. 

V 

Let  A  a  (fig.  17.  n.  1.)  be  a  transverse  diameter,  B  b 
its  second  diameter,  and  CG,  CF  the  asymptotes  ;  from 
a  point  D  in  the  hyperbola  to  the  transverse  A  a  draw 
DE  parallel  to  B  b;  the  square  of  A  a  is  to  the  square  of 
B£,  as  the  rectangle  AEa  is  to  the  square  of  DE. 

Let  DE  meet  the  asymptotes  in  F,  G,  and  draw  HAK 
touching  the  hyperbola  in  the  vertex  A  ;  therefore,  by 
def.  11.  of  this  book,  HA  is  equal  and  parallel  to  BC, 
and,  of  consequence,  parallel  to  FE  ;  and,  because  of 
the  equiangular  triangles,  the  square  of  CE  is  to  the 
square  of  EF,  as  the  square  of  C  A  to  the  square  of  AH, 
that  is,  as  the  same  square  of  CA  to  the  (4.  cor.  23.  3.) 
rectangle  FDG;  the  square  of  CA  is,  therefore  (19.  5. 
Elem.)  to  the  square  of  AH,  as  the  rectangle  AEa  to 
the  square  of  ED  ;  and  therefore  the  square  of  Aa  is  to 

t 

the  square  of  B£,  as  the  rectangle  AE a  to  the  square  of 

ED. 

Cor.  1.  The  squares  of  straight  lines  drawn  from 
points  of  an  hyperbola,  or  of  the  opposite  hyperbola,  to 
a  transverse  diameter,  and  parallel  to  its  second,  are  to 
one  another  as  the  rectangles  contained  by  the  segments 
of  the  transverse,  intercepted  between  its  vertices  and 
those  parallels  ;  as  was  shown  in  the  ellipsis  (1.  cor.  15 
2.) 

Cor.  2.  And  on  the  contrary;  (fig.  17.  n.  1.)  if  an 
hyperbola  AM,  having  A  a  for  a  transverse  diameter. 
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and  B b  for  its  second  diamater  ;  and  if  from  a  point  D  to 
the  transverse  A  a  a  straight  line  DE  be  drawn  parallel 
to  the  second,  and  meeting  the  transverse  produced  in 
E  ;  and  if  the  square  of  CA  be  to  the  square  of  CB,  as 
the  rectangle  AEcr  to  the  square  of  ED  ;  the  point  D  is 
in  the  hyperbola.  For  since  DE  is  parallel  to  BC,  and 
consequently  to  HK,  which  touches  the  hyperbola  in  the 
vertex  of  the  transverse  diameter;  DE  will  necessarily 
meet  the  asymptotes  (3.  cor.  18.  3.)  and  of  consequence 
the  hyperbola,  because  the  point  E  is  in  A  a  produced : 
if,  then,  it  does  not  meet  the  hyperbola  in  D,  let  it,  if 
possible,  meet  it  in  another  point  dy  on  the  same  side  of 
A  a  with  the  point  D  ;  therefore  the  rectangle  AE  a  is  to 
the  square  of  d E,  as  the  square  of  C  A  to  the  square  of 
CB,  that  is,  by  hypothesis,  as  the  rectangle  AE  a  to  the 
square  of  DE  ;  therefore  d E,  DE  are  equal;  which  is 
absurd.  Therefore  DE  meets  not  the  hyperbola  in  d , 
nor,  as  is  evident  in  any  point  but  D. 

Cor.  3.  Substitute  the  word  hyperbola  in  place  of 
ellipsis ,  and  the  third  corollary  of  prop.  15.  b.  2.  becomes 
also  a  corollary  from  this  proposition. 

PROP.  XXIX.  THEOR. 

If  from  a  point  of  an  hyperbola  to  a  second  diameter, 
a  straight  line  be  drawn  parallel  to  its  transverse 
diameter ;  the  square  of  the  second  diameter  is  to 
the  square  of  its  transverse,  as  the  sum  of  the 
squares  of  half  the  second  diameter,  and  the  seg¬ 
ment  between  the  centre  and  the  parallel,  is  to  the 
square  of  the  parallel. 
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From  D,  a  point  of  the  hyperbola,  to  the  second 
diameter  B£,  draw  DL  parallel  to  its  transverse  diam¬ 
eter  A  a;  the  square  of  B  b  is  to  the  square  of  A  <7,  as  the 
sum  of  the  squares  of  CB,  CL  is  to  the  square  of  DL. 

Through  the  point  D  draw  DE  parallel  to  BC  ;  and 
since,  by  the  preceding  proposition,  the  square  of  CA  is 
to  the  square  of  CB,  as  the  rectangle  AEa  to  the  square 
of  ED  ;  therefore,  inversely,  and  by  prop.  12.  5.  Elenu 
the  square  of  CB  is  to  the  square  of  CA,  as  the  sum  of 
the  squares  of  CB,  ED  to  the  square  of  CA,  together 
with  the  rectangle  AEtf,  that  is,  as  the  sum  of  the 
squares  of  CB,  CL  to  the  square  of  EC  or  DL. 

Cor.  1.  If  from  two  points  of  an  hyperbola,  or  of  op¬ 
posite  hyperbolas,  to  a  second  diameter,  two  straight 
lines  be  drawn  parallel  to  its  transverse  diameter ;  the 
square  of  the  one  parallel  is  to  the  square  of  the  other, 
as  the  sum  of  the  squares  of  half  the  second  diameter 
and  the  distance  between  the  first  parallel  and  the  centre, 
to  the  sum  of  the  squares  of  half  the  same  second  diam¬ 
eter,  and  the  distance  between  the  other  parallel  and  the 
centre. 

Cor.  2.  And  on  the  contrary ;  if  from  a  point  D  to  a 
second  diameter  BC  of  an  hyperbola,  a  straight  line  DL 
be  drawn  parallel  to  its  transverse  C  A  ;  and  if  the  square 
of  B b  have  the  same  ratio  to  the  square  of  A «,  that  the 
sum  of  the  squares  of  CB,  CL  have  to  the  square  of 
DL ;  the  point  D  is  in  the  hyperbola.  For  since  the 
straight  line  DL  is  parallel  to  the  transverse  diameter 
AC,  which  falls  between  the  asymptotes,  it  necessarily 
meets  them  opposite  to  the  angle  adjacent  to  that  con- 
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taining  the  hyperbola,  and,  of  consequence,  DL  meets 
both  the  hyperbolas  (20.  3.)  and,  in  the  same  manner, 
as  in  cor.  2.  of  the  preceding  proposition  it  may  be  prov¬ 
ed,  that  it  meets  the  hyperbola  in  D. 

Cor.  3.  The  third  corollary  of  the  preceding  prop.' 
mutatis  mutandis ,  is  likewise  a  corollary  here. 

PROP.  XXX.  THEOR. 

Any  straight  line  terminated  both  ways  by  the  hyper¬ 
bola,  or  opposite  hyperbolas,  and  parallel  either 
to  a  transverse,  or  its  second  diameter,  is  bisected 
by  the  other ;  or,  what  is  the  same  thing,  a  trans¬ 
verse  diameter,  ana  its  second,  are  conjugate 
diameters. 

Cor.  It  is  evident,  that  two  diameters  cannot  be  con¬ 
jugated  to  the  same  diameter,  whether  it  be  a  transverse 
or  a  second  diameter. 

PROP.  XXXI.)  THEOR. 

Any  straight  line  terminated  both  ways  by  an  hyper¬ 
bola,  or  opposite  hyperbolas,  and  bisected  either 
by  a  transverse,  or  its  second  diameter,  is  parallel 
to  the  other ;  and  therefore  straight  lines  ordinately 
to 

each  oth^. 

Cor.  1.  Hence,  straight  lines  parallel  either  to  a  trans¬ 
verse,  or  its  second  diameter,  and  which  cut  off  equal 


either  of  these  diameters  are  parallel  to 
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segments  of  the  other,  between  the  points  where  they 
meet  it  and  the  centre,  are  equal.  And  equal  straight 
lines  if  parallel  to  either  diameter,  cut  off  equal  segments 
of  the  other  diameter  between  the  centre  and  the  points 
where  they  meet  it. 

These  two  propositions  (fig.  17.  n.  2.)  and  this  first  co¬ 
rollary,  are  demonstrated  from  the  28th  and  29th  propo¬ 
sitions,  in  the  same  manner  in  which  the  9th  and  10th 
propositions  were  demonstrated  from  the  7th  and  8th. 

Cor.  2.  If  several  parallels  are  terminated  both  ways 
by  an  hyperbola,  or  hyperbolas,  the  diameter  which  bi¬ 
sects  the  one  bisects  the  rest  of  them.  For  that  parallel 
which  is  bisected,  is  parallel  to  the  conjugate  diameter  of 
that  which  bisects  it ;  the  rest,  therefore,  are  parallel  to 
the  same  conjugate  diameter,  and  consequently  are  bi¬ 
sected  by  the  other  diameter  (30.  3.) 

Cor.  3.  On  the  contrary :  a  straight  line  which  bi¬ 
sects  two  parallels  terminated  both  ways  by  an  hyperbola, 
or  opposite  hyperbolas,  is  a  diameter.  For  if  not,  draw 
a  diameter  bisecting  one  of  the  parallels ;  this  diameter 
will  bisect  the  other ;  but,  by  hypothesis,  there  is  also 
another  straight  line  which  bisects  both  ;  which  is  ab¬ 
surd. 

Cor.  4.  If  a  straight  line  touch  an  hyperbola,  that 
straight  line  drawn  through  the  point  of  contact,  which 
bisects  any  straight  line  parallel  to  the  tangent,  and  ter¬ 
minated  both  ways  by  the  hyperbola,  is  a  diameter.  For 
a  parallel  to  the  tangent  is  (11.  def.  3.)  parallel  to  the 
conjugate  diameter  to  that  which  passes  through  the 
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point  of  contact :  now,  if  the  straight  line  drawn  through 
the  point  of  contact,  and  which  bisects  the  parallel  to  the 
tangent  be  not  a  diameter,  draw- a  diameter  through  the 
point  of  contact ;  and  this  diameter  will  also  (30.  3.)  bi¬ 
sect  the  parallel  to  the  tangent,  or  to  the  conjugate  dia¬ 
meter  :  which  is  absurd. 

«  ;  r.  / 

Cor.  5.  Two  straight  lines  terminated  both  ways  by 
an  hyperbola,  or  by  opposite  hyperbolas,  and  not  passing 
through  the  centre,  do  not  bisect  each  other.  For  if  they 
are  both  terminated  by  the  same  hyperbola,  or  by  oppo¬ 
site  hyperbolas,  draw  a  diameter  through  the  point  where 
they  intersect  each  ether ;  and  then  by  the  proposition, 
they  will  be  both  parallel  to  the  conjugate  to  this  diame¬ 
ter;  which  is  absurd.  If  indeed  one  of  them  be  termi¬ 
nated  by  the  hyperbola,  and  the  other  drawn  between  the 
opposite  hyperbolas,  it  is  evident  that  they  cannnot  bisect 
each  other. 


PROP.  XXXII.  THEOR. 

A  straight  line  drawn  through  the  vertex  of  a  trans¬ 
verse  diameter,  and  which  is  parallel  to  a  straight 
line  ordinately  applied  to  that  diameter,  touches  the 
hyperbola ;  and  if  it  touch  the  hyperbola,  it  is  pa¬ 
rallel  to  straight  lines  ordinately  applied  to  the 
transverse  diameter  drawn  through  the  point  of 
contact. 

Let  there  be  an  hyperbola  (fig.  17.  n.  1.)  the  asymp¬ 
totes  of  which  are  CF,  CG ;  let  Aa  be  a  transverse  dia¬ 
meter,  and  through  the  vertex  A  draw  HAK  parallel  to 
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DM  ordinately  applied  to  A  a;  the  straight  line  HK 
touches  the  hyperbola. 

For  the  straight  line  DM  ordinately  applied  to  the 
transverse  diameter  A  a  is  (31.  3.)  parallel  to  its  second, 
or  conjugate  diameter ;  therefore  HAK  drawn  through 
the  vertex  A  of  A<z,  is  parallel  to  the  same  conjugate,  or 
second  diameter;  and  therefore  it  touches  the  hyper¬ 
bola  (11.  def.  3.)  And,  conversely:  if  HK  touch  the 
hyperbola,  it  is  parallel  to  the  second  diameter  (11.  def. 
3.)  of  CA  :  but  the  ordinate  DM  is  parallel  to  the  same 
(31.  3.)  therefore  HK,  DM  are  parallel  to  each  other. 

tfv.A  PROP.  XXXIII.  THEOR.) 

If  a  straight  line  that  touches  au  hyperbola  meet  a 
diameter,  and  if  there  be  drawn  from  the  point* of 
contact  a  straight  line  ordinately  applied  to  that 
diameter  ;  the  semidiameter  is  a  mean  proportional 
between  its  segments  intercepted,  the  one  between 
the  centre  and  the  ordinate,  and  the  other  between, 
the  centre  and  the  tangent. 

Case  1.  When  the  tangent  meets  a  transverse  diam  ' 
eter. 

Let  there  be  an  hyperbola  (fig.  18.)  its  asymptotes 
AG,  AH,  and  let  the  straight  line  KCH  touch  the  hy¬ 
perbola  in  the  point  C,  and  meet  a  transverse  diameter 
BAO  in  E  ;  and  draw  CD  from  the  point  of  contact 
C,  so  as  to  be  ordinately  applied  to  BAO ;  then  AD, 
AB,  AE  are  proportionals. 
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Through  the  vertex  B  let  GBF  be  drawn  parallel  to 
CD,  and  let  it  meet  the  tangent  drawn  through  C  in  the 
point  N,  and  let  BM  drawn  parallel  to  HC  meet  AG  in 
M,  and  let  DC  meet  AH  in  L,  and  join  KF,  GH. 
Then,  because  GBF,  drawn  through  the  vertex  of  the 
diameter,  is  parallel  to  the  ordinate  DC,  it  (32.  3.) 
touches  the  hyperbola  :  and  since  the  tangents  HK,  GF 
are  cut  proportionally  in  the  points  C,  B,  and  N  (cor. 
26.  3.)  therefore  CN  is  to  NH,  as  BN  to  NG;  and 
because  of  the  parallels,  LF  is  to  FH,  as  MK  to  KG; 
and  since  KF,  GH  are  (26.  3.)  parallel,  FH  is  to  FA, 
as  KG  to  KA;  therefore,  cx  aequo ,  LF  is  to  FA,  as 
MK  to  K A :  and,  by  composition,  LA  is  to  FA,  as 
MA  to  KA ;  therefore  (because  of  the  parallels)  DA  is 
to  BA,  as  BA  to  EA. 

Case  2.  When  the  tangent  meets  a  second  diameter. 

Let  the  straight  line  CE  (fig.  19.)  touch  the  hyper¬ 
bola,  and  meet  the  second  diameter  AB  in  E,  and  also 
its  transverse,  or  conjugate  diameter  KAF  in  G,  and 
CD,  CH  being  drawn  from  the  point  of  contact  C,  so 
as  to  be  ordinately  applied  to  the  conjugate  diameters ; 
then  AD,  AB,  AE  are  proportionals. 

For  by  the  preceding  case,  AH,  AF,  AG  are  pro¬ 
portionals  ;  therefore  the  square  of  AH  is  to  the  square 
of  AF  (2.  cor.  20.  6.  Elem.)  as  AH  is  to  AG ;  and,  by 
division  (and  5.  2.  Elem.)  the  rectangle  KHF  is  to  the 
square  of  AF,  as  HG  to  GA :  but  since  CH  is  ordi¬ 
nately  applied  to  AF,  the  rectangle  KHF  is  to  the 
square  of  AF,  as  the  square  of  CH,  or  AD  to  the  square 
of  AB ;  therefore  (ex  aequali)  the  square  of  AD  is  to 
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the  square  of  AB,  as  HG  to  GA,  that  is,  as  CM,  or 
AD  to  AE  :  and  therefore  (conv.  2.  cor.  20.  6.  Elem.) 
AD,  AB,  AE  are  proportionals. 

Cor.  1.  Since  in  the  first  case  (fig.  18.)  where  the  tan¬ 
gent  and  ordinate  meet  the  transverse  diameter,  AD, 
AB,  AE  are  proportionals  ;  DO  is  to  DB,  as  EO  to 
EB,  that  is,  the  segments  (of  the  diameter)  between  its 
vertices  and  the  ordinate  are  to  each  other  as  the  seg¬ 
ments  of  the  same  between  the  tangent  and  the  same 
vertices.  The  demonstration  is  similar  to  that  given  in 
the  second  part  of  prop.  17.  b.  2. 

Cor.  2.  In  the  second  case,  when  the  ordinate  drawn 
from  the  point  of  contact  passes  through  the  extremity 
of  the  second  diameter,  the  tangent  passes  through  the 
other  extremity  of  the  same  diameter.  For  since  the 
distance  between  the  ordinate  and  the  centre  is  equal  to 
the  half  of  the  second  diameter,  therefore  the  distance 
between  the  tangent  and  the  centre  must  be  equal  to  the 
same  semidiameter. 


PROP.  XXXIV.  THEOR. 

If  from  a  point  C  (fig.  18.  19.)  in  an  hyperbola  a 
straight  line  CD  be  ordinately  applied  to  the  diam¬ 
eter  AB,  and  a  straight  line  CE  be  drawn  from 
the  same  point ;  if  the  semidiameter  be  a  mean 
proportional  between  the  abscissas  of  AB,  which 
are  cut  off  towards  the  centre  by  these  straight 
lines  ;  the  straight  line  CE  touches  the  hyperbola. 
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For  if  CE  does  not  touch  the  hyperbola,  let  CP 
touch  it;  therefore,  by  the  preceding  proposition,  AD, 
AB,  AP  are  proportionals :  but,  by  the  hypothesis, 
AD,  AB,  AE  are  proportionals ;  which  is  absurd  : 
CE,  therefore,  touches  the  hyperbola. 

PROP.  XXXV.  THEOR. 

If  a  straight  line  touching  an  hyperbola  meet  a  trans  ¬ 
verse  diameter,  there  being  drawn  from  the  point 
of  contact  a  straight  line  ordinately  applied  to  the 
same  diameter;  the  rectangle  contained  by  the 
segments  of  the  diameter  intercepted  between  the 
ordinate  and  the  centre,  and  between  the  ordinate 
and  the  tangent,  is  equal  to  the  rectangle  contain¬ 
ed  by  the  segments  between  the  ordinate  and  the 
vertices  of  the  diameter :  and  the  rectangle  con¬ 
tained  by  the  segments  between  the  tangent  and 
the  centre,  and  between  the  tangent  and  the  ordi¬ 
nate,  is  equal  to  the  rectangle  contained  by  the 
segments  between  the  tangent  and  the  vertices  of 
the  diameter.  But  if  the  tangent  meet  a  second 
diameter,  there  being  drawn  from  the  point  of 
contact  a  straight  line  ordinately  applied  to  that 
second  diameter ;  the  rectangle  contained  by  the 
segments  between  the  ordinate  and  the  centre,  and 
between  the  ordinate  and  the  tangent,  is  equal  to 
the  sum  of  the  squares  of  the  semidiameter  and  of 
the  segment  between  the  ordinate  and  the  centre : 
and  the  rectangle  contained  by  the  segments  be- 
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tween  the  tangent  and  the  centre,  and  between 
the  tangent  and  the  ordinate,  is  equal  to  the  sum 
of  the  squares  of  the  semidiameter  and  of  the  seg¬ 
ments  between  the  tangent  and  the  centre. 

Case  1.  Let  the  straight  line  (fig.  18.)  which  touches 
the  hyperbola  in  C,  meet  the  transverse  diameter  BAG 
in  the  point  E,  and  let  an  ordinate  drawn  through  the 
point  of  contact  to  the  same  diameter  meet  it  in  D  ;  then 
the  rectangle  ADE  is  equal  to  the  rectangle  EDO,  and 
the  rectangle  AED  to  BEO. 

For  since  AD,  AB,  AE  are  proportionals,  the  rec* 
tangle  DAE  is  equal  to  the  square  of  AB  ;  and  these 
equals  being  taken  from  the  square  of  AD,  the  remain¬ 
ing  rectangle  ADE  is  equal  to  the  remaining  rectangle 
BDO  (2.  and  6.  2.  Elem.)  Next,  from  the  same  equals, 
viz.  the  rectangle  DAE  and  the  square  of  AB,  take 
away  the  common  square  (3.  and  5.  2.  Elem.)  of  AE, 
and  the  remaining  rectangle  AED  is  equal  to  the  re¬ 
maining  rectangle  BEO. 

Case  2.  Let  the  tangent  (fig.  1 9.)  and  ordinate  drawn 
to  the  point  C,  meet  the  second  diameter  in  the  points 
E,  D:  then  because  the  rectangle  EAD  is  equal  to  the 
square  of  AB,  add  to  each  of  these  equals  the  square  of 
AD,  and  the  rectangle  ADE  will  be  equal  to  (3.  2, 
Elem.)  the  sum  of  the  squares  of  AB;  AD.  Next,  if 
to  the  same  equals,  to  wit,  the  rectangle  EAD  and  the 
square  of  AB,  the  square  of  AE  be  added  ;  the  rec¬ 
tangle  AED  will  be  equal  to  the  sum  of  the  squares  ol 
AB,  AE. 
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PROP.  XXXVI.  THEOR. 

If  a  straight  line  touch  an  hyperbola,  it  bisects  the 
angle  contained  by  the  straight  lines  drawn  from 
the  foci  to  the  point  of  contact.  And,  on  the  con¬ 
trary  :  if  a  straight  line  bisect  the  angle  contained 
by  two  straight  lines  drawn  from  a  point  of  an 
hyperbola  to  the  foci,  it  touches  the  hyperbola. 

Let  there  be  an  hyperbola  (fig.  20.)  its  transverse 
axis  AB,  and  the  centre  the  point  C,  and  let  a  straight 
line  DE  touch  it,  and  meet  the  transverse  axis  in  E, 
draw  the  straight  lines  DF,  DG  from  the  point  of  contact 
D  to  the  foci ;  the  angles  FDE,  GDE  are  equal. 

From  the  point  D  draw  DH  perpendicular  to  the  axis, 
and  from  the  point  A,  which  is  the  nearer  to  D  of  its 
vertices,  place,  in  the  axis  produced,  a  straight  line 
AK  equal  to  DF,  and  KB  will  (1.  3.)  be  equal  to  DG; 
and,  by  the  fifth  proposition  of  this  book,  CK  is  to  CH, 
as  CF  to  CA;  but  as  CH  to  CA,  so  (33.  3.)  is  CA  to 
CE  ;  therefore,  ex  aequali ,  as  CK  to  CA  so  is  CF  to 
CE  ;  and,  by  conversion,  as  CK  is  to  KA,  so  is  CF  to 
FE  ;  and  by  doubling  the  antecedents,  twice  CK  is  to 
KA,  as  FG  to  FE :  therefore,  by  division,  BK  is  to 
KA,  as  GE  to  FE  ;  and  BK,  KA  are  equal  to  DG, 
DF ;  therefore  as  DG  to  DF,  so  is  GE  to  EF ;  and 
therefore  (3.  6.  Elem.)  the  straight  line  DE  bisects  the 
angle  FDG. 

If,  on  the  contrary,  a  straight  line  DE  bisects  the 
angle  FDG,  it  touches  the  hyperbola :  for,  if  not,  let 
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another  straight  line  touch  the  hyperbola  in  the  point  D  ; 
this  other  straight  line  will  bisect  the  angle  FDG,  which, 
by  the  hypothesis,  is  bisected  by  DE  ;  which  is  absurd. 
The  demonstration  here  might  have  been  similar  to  the 
second  demonstration  in  prop.  11.  b.  2. 

PROP.  XXXVII.  PROB. 

Two  straight  lines  AB,  CD  (fig.  21.)  which  bisect 
each  other  at  right  angles  in  the  point  E,  being 
given  in  position  and  magnitude ;  to  describe  the 
opposite  hyperbolas  of  which  they  may  be  the 
axes,  and  so  that  either  of  them,  as  AB,  may  be 
the  transverse  axis. 

Join  AC,  and  from  the  point  E  place  in  AB  produced 
two  straight  lines  EF,  EG,  each  of  them  equal  to  AC ; 
then,  by  means  of  a  string  and  of  a  ruler,  the  length  of 
which  exceeds  that  of  the  string  by  a  difference  equal  to 
AB,  describe  with  the  foci  F,  G  two  opposite  hyper¬ 
bolas  ;  these  will  pass  through  the  points  A,  B,  and 
CD  will  be  their  second  axis. 

For  if  the  hyperbola  passes  not  through  A,  let  it  pass, 
if  possible,  through  H ;  the  excess,  therefore,  of  HG 
above  HF  is  equal  to  the  excess  of  the  length  of  the 
ruler  above  that  of  the  string,  that  is,  by  construction, 
to  the  straight  line  AB :  but  since  BG  is  equal  to  AF, 
the  excess  of  AG  above  AF  is  equal  to  the  same  AB ; 
which  is  absurd:  the  hyperbola,  therefore,  passes 
through  A :  and  in  like  manner,  it  may  be  shown,  that 
it  passes  through  B.  Again,  C,  D  are  the  extremities 
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of  the  second  axis  :  for  if  C  be  not  one  of  its  extremities, 
let  the  point  K,  on  the  same  side  of  the  centre  on  which 
C  is,  be  one  of  them ;  therefore  KA  being  joined  will 
be  equal  (6.  def.  3.)  to  EF ;  and,  by  construction,  CA 
is  equal  to  the  same  EF  ;  therefore  KA  is  equal  to  CA  : 
which  is  absurd. 

DEF.  XIII. 

If  upon  two  straight  lines  Aa,  B&  (fig.  22.)  which 
bisect  each  other  at  right  angles,  two  opposite  hyper- 
bolas  AG,  ag  be  described,  and  upon  the  same  straight 
lines  other  two  opposite  hyperbolas  BK,  bk  be  described, 
so  that  B b,  the  transverse  axis  of  the  latter  hyperbolas, 
may  be  the  second  axis  of  the  former,  and  that  Ac/,  the 
second  axis  of  the  latter,  may  be  the  transverse  axis  of 
the  former  ;  these  four  are  called  conjugate  hyperbolas » 

PROP.  XXXVIII.  THEOR. 

The  conjugate  hyperbolas  have  common  asymptotes . 

/  » 

* 

Let  there  be  conjugate  hyperbolas  (fig.  22.)  the  axes 
of  which  are  A «,  B£,  and  let  the  straight  lines  CD,  CE 
be  the  asymptotes  of  two  opposite  hyperbolas,  the  trans¬ 
verse  axis  of  which  is  Aa;  the  same  straight  lines  are 
the  asymptotes  of  the  two  other  opposite  hyperbolas,  the 
transverse  axis  of  which  is  B£. 

Through  the  vertex  A  draw  DAE  parallel  to  BC,  and 
join  DB,  and  produce  it  to  F ;  therefore,  by  the  10th 

V  t  _ _ 

definition  of  this  book,  BC  is  equal  and  parallel  to  AD 
or  AE ;  BD  is  therefore  equal  and  parallel  to  C  A  :  and 
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because  the  triangles  FBC,  CAE  are  equal  and  equian¬ 
gular,  BF  is  equal  to  CA,  that  is,  to  BD  ;  therefore 
CD,  CF  are  (10.  def.)  asymptotes  of  the  hyperbola,  the 
transverse  axis  of  which  is  B and  the  second  axis  Aa. 

PROP.  XXXIX.  THEOR. 

If  from  a  point  G  (fig.  22.)  in  one  of  the  conjugate 
hyperbolas,  a  straight  line  GH  be  drawn  parallel 
to  EC,  one  of  the  asymptotes,  and  meeting  the 
other  in  H  ;  and  from  the  point  K  in  the  adjacent 
hyperbola,  a  straight  line  KL  be  drawn  parallel 
to  either  asymptote,  and  meeting  the  remaining 
one  in  L :  the  rectangles  GHC,  KLC  contained 
by  the  parallels,  and  the  abscissas  of  the  asymp¬ 
totes  between  the  parallels  and  the  centre,  are 
equal.  On  the  contrary  :  if  the  point  G  be  in  one 
of  the  conjugate  hyperbolas,  and  the  point  K 
within  the  angle  contained  by  the  asymptotes  of 
the  adjacent  hyperbola,  the  rectangle  KLC  being 
at  the  same  time  equal  to  the  rectangle  GHC  ;  the 
point  K  is  in  the  adjacent  hyperbola. 

Let  Aa,  B£  be  the  axes  of  conjugate  hyperbolas  ;  join 
AB,  and  let  it  meet  the  asymptote  CD  in  M,  and  draw 
AD  parallel  to  CB  ;  then,  since  BC,  AD  are  equal  and 
parallel,  the  triangles  CBM,  ADM  are  similar  and 
equal;  and  consequently  AM,  MB,  are  equal;  the  rec¬ 
tangles  AMC,  BMC  are  therefore  equal,  and  AB  is  pa¬ 
rallel  to  the  (2*  cor.  def.  10.  3.)  asymptote  EC:  there¬ 
fore  the  rectangles  GHC,  KLC  are  equal  to  the  rectangles 
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AMC,  BMC  (1.  cor.  16.  3.)  and  consequently  they  are 
equal  to  each  other. 

On  the  contrary:  if  G  be  a  point  in  one  of  the  conju¬ 
gate  hyperbolas,  and  the  point  K  be  within  the  angle 
DCF,  and  the  rectangle  KLC  equal  to  the  rectangle 
GHC,  the  construction  in  other  respects  still  remain¬ 
ing;  the  point  K  is  in  the  adjacent  hyperbola:  for  since 
the  rectangle  KLC  is  equal  to  GHC,  that  is,  to  AMC, 
that  is,  to  BMC,  and  that  B  is  in  the  adjacent  hy¬ 
perbola;  the  point  K  is  (4.  cor.  18.  3.)  in  the  same  hy¬ 
perbola. 

Cor.  1.  If  a  straight  line  DE  (fig,  23.)  intercepted 
between  an  hyperbola  and  one  of  the  adjacent  hyper¬ 
bolas,  is  bisected  by  one  of  the  asymptotes,  it  is  parallel 
to  the  other:  for  let  DE  meet  the  asymptote  CG  in  L, 
and  to  the  other  asymptote  draw  DH,  EK  parallel  to 
CG;  then,  since  DL,  LE  are  equal,  and  that  DH,  LC, 
EK  are  parallel,  HC,  CK  are  equal;  and  by  the  pro¬ 
position,  the  rectangles  DHC,  EKC  are  equal;  DH, 
EK  are  therefore  equal,  and  they  are  parallel ;  therefore 
DE,  KH  are  parallel. 

Cor.  2.  And  if  DE  be  parallel  to  the  asymptote  KH  ; 
DL,  LE  are  equal :  for  by  the  proposition,  the  rec¬ 
tangles  DLC,  ELC  are  equal. 

Cor.  3.  Lastly,  if  DE  be  parallel  to  the  asymptote 
HK,  and  DL,  LE  being  equal,  and  the  point  D  be  in 
one  of  the  hyperbolas  ;  the  point  E  is  in  the  adjacent 
hyperbola:  for  since  DL,  LE  are  equal,  the  rectangles 
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DLC,  ELC  are  equal;  therefore,  by  the  proposition, 
E  is  in  the  adjacent  hyperbola  BE. 

PROP.  XL.  (PROP.  20.  B.  2.  APOLL.) 

If  a  straight  line  touch  one  of  four  conjugate  hyper¬ 
bolas,  and  through  their  centre  two  straight  lines 
be  drawn,  the  one  meeting  the  hyperbola  in  the 
point  of  contact,  and  the  other  parallel  to  the  tan¬ 
gent,  and  meeting  one  of  the  adjacent  hyperbolas ; 
this  other  straight  line  drawn  parallel  to  the  tan¬ 
gent,  is  the  half  of  the  second  diameter  conjugate 
to  the  transverse  diameter  drawn  through  the  point 
of  contact.  And  on  the  contrary  :  if  half  a  second 
diameter  be  drawn  conjugate  to  the  transverse 
diameter  passing  through  the  point  of  contact,  its 
extremity  is  in  the  adjacent  hyperbola. 

Let  there  be  conjugate  hyperbolas  (fig.  23.)  the 
asymptotes  of  which  are  CG,  CF,  and  let  MF  touch 
one  of  the  hyperbolas  in  D  :  join  CD,  and  draw  CE  pa¬ 
rallel  to  MF,  and  meeting  the  hyperbola  adjacent  to 
that  in  which  D  is,  in  the  point  E  ;  then  is  CE  half  the 
second  diameter  conjugate  to  CD. 

Through  the  points  D,  E  draw,  the  straight  lines  Dll, 
EK  parallel  to  the  asymptote  CG,  and  meeting  the  other 
asymptote  in  H,  K:  then,  since  the  straight  line  MF 
touches  the  hyperbola  in  D,  MD,  DF  are  equal ;  there¬ 
fore  CH,  HF  are  equal ;  therefore  the  rectangle  DHP 
is  equal  to  the  rectangle  DEIC,  that  is,  by  the  preceding 
proposition,  to  the  rectangle  EKC:  and  because  the 
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triangles  EKC,  DHF  are  equiangular,  EK  is  to  DH,  as 
KC  to  HF  ;  therefore  (22.  6.  Elem.)  the  square  of  EK 
is  to  the  square  of  DH,  as  the  rectangle  EKC  to  the 
rectangle  DHF  :  but  the  rectangles  EKC,  DHF,  as  has 
been  proved,  are  equal ;  therefore  the  squares  of  EK, 
DH  are  equal ;  and  therefore  EK,  DH  are  likewise 
equal;  consequently  EC,  DF  are  (26.  1.  Elem.)  equal, 
and  they  are  parallel ;  therefore  CE  is  half  (11.  def.  3.) 
the  second  diameter  conjugate  to  CD. 

On  the  contrary  :  the  same  construction  remaining,  if 
CE  be  half  the  second  diameter  conjugate  to  CD  (fig. 
23.)  its  extremity  E  is  in  the  hyperbola  adjacent  to  that 
where  the  point  D  is  :  for  CE  is  equal  and  (11.  def.  3.) 
parallel  to  DF,  and  EK  is  parallel  to  DH  ;  therefore  the 
triangles  EKC,  DHF  are  (26.  1.  Elem.)  equal;  con¬ 
sequently  KC  is  equal  to  HF,  or  HC,  and  EK  to  DH  : 
and  for  this  reason,  the  rectangle  EKC  is  equal  to  the 
rectangle  DHC,  and  the  point  D  is  in  the  hyperbola, 
and  the  point  E  is  within  the  angle  adjacent  to  that  con¬ 
taining  this  hyperbola  ;  therefore  the  point  E  is  in  the 
adjacent  hyperbola  (by  part  2.  of  the  preceding.) 

Cor.  1.  If  CD  be  half  a  transverse  diameter,  and  CE 
half  the  second  diameter  conjugate  to  CD  in  the  hyper¬ 
bola  AD  ;  on  the  contrary,  CE  is  a  transverse,  and  CD 
a  second  diameter  conjugate  to  CE  in  the  adjacent  hy¬ 
perbola  BE. 

Join  DE  and  ME,  and  let  ME  meet  the  other  asymp¬ 
tote  CF  in  P:  then,  since  DE  is  (2.  cor.  def.  11.  3.) 
parallel  to  CF,  and  that  MF  is  bisected  in  D,  therefore 
MP  is  bisected  in  E,  and  the  point  E  is  in  the  adjacent 
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hyperbola ;  therefore  MP  touches  that  hyperbola :  and 
CD  is  equal  and  parallel  to  ME  ;  for  CE,  MD  are 
equal  and  parallel;  therefore  CD  is  the  second  diameter 
conjugate  to  the  transverse  diameter  CE  in  the  (11.  def.) 
hyperbola  BE. 

Cor.  2.  The  same  construction  still  remaining,  the 
straight  line  which  joins  the  centre  C,  and  the  point  of 
concourse  M  of  the  tangents  DM,  EM,  drawn  through 
the  vertices  of  the  conjugate  diameters,  is  an  asymptote : 
for  if  CM  be  not  an  asymptote,  let  CQ,  meeting  DM  in 
Q,  be  one;  CE,  therefore,  is  equal  to  DQ:  but  the 
same  CE  is  equal  to  DM;  because  DMEC  is  a  (1L 
def.)  parallelogram  ;  DQ  and  DM  are  therefore  equal: 
which  is  absurd. 

t  PROP.  XLI.  THEOR. 

If  from  the  extremity  of  a  second  diameter  of  an  hy¬ 
perbola,  a  straight  line  be  drawn  parallel  to  any 
transverse  diameter,  and  meeting  the  second 
diameter  conjugate  to  this  transverse ;  the  square 
of  the  parallel,  is  to  the  rectangle  contained  by 
the  segments  of  the  second  diameter  intercepted 
between  the  parallel  and  its  vertices,  as  the  square 
of  the  transverse,  is  to  the  square  of  the  second 
diameter  conjugate  to  it:  and  if  from  the  ex¬ 
tremity  of  a  second  diameter  a  straight  line  be 
drawn  parallel  to  any  other  second  diameter,  and 
meeting  the  transverse  diameter  conjugate  to  this 
other  second  diameter ;  the  square  of  the  parallel, 
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is  to  the  sum  of  the  squares  of  half  the  transverse 
diameter  and  its  segment  intercepted  between  the 
centre  and  the  parallel,  as  the  square  of  that  other 
second  diameter,  is  to  the  square  of  the  transverse 
conjugate  to  it. 

In  the  first  case  let  there  be  an  hyperbola  (fig.  24.) 
the  transverse  diameter  of  which  is  DC and  let  KCi 
be  the  second  diameter  conjugate  to  DCd,  and  let  CB 
be  any  other  second  diameter,  and  from  its  extremity  B 
draw  a  straight  line  parallel  to  the  transverse  CD,  and 
meeting  in  L  the  second  diameter  conjugate  to  CD  ; 
the  square  of/  BL  is  to  the  rectangle  KL>£,  as  the  square 
of  Dd  to  the  square  of  KL 

For  the  points  B,  K,  ky  which  are  the  extremities  or 
vertices  of  the  second  diameters,  are  in  the  adjacent  hy¬ 
perbolas,  of  which  the  transverse  diameter  K£  is  conju¬ 
gate  to  the  second  (1.  cor.  40.  3.)  T)d ;  therefore  the 
square  of  BL  is  to  the  rectangle  KL/£  as  the  square  of 
Dd  to  the  square  of  K£  (28.  3.) 

The  second  case  is  demonstrated  in  the  very  same 
manner  from  the  29th  prop,  of  this  book. 

Cor.  Hence,  if  from  any  point  A  of  an  hyperbola 
AD,  a  straight  line  AM  be  drawn  ordinately  applied  to 
the  right  diameter  K£,  and  from  B,  an  extremity  of  any 
second  diameter  CB  to  the  same  K£,  a  straight  line  BL 
be  drawn  parallel  to  AM ;  the  square  of  BL,  is  to  the 
square  of  AM,  as  the  rectangle  KLi  is  to  the  sum  of 
the  squares  of  the  semidiameter  KC  and  the  segment 
CM  between  the  centre  and  the  ordinate.  This  is 
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evident  from  the  proposition,  and  from  the  29th  of  this 
book. 

But  if  from  any  point  A  of  an  hyperbola  AD,  a 
straight  line  AE  be  drawn  ordinateiy  applied  to  the 
transverse  diameter  D<f,  and  from  the  extremity  B  of  the 
second  diameter  to  the  same  D d,  a  straight  line  BF  be 
drawn  parallel  to  AE  ;  the  square  of  BF  is  to  the  square 
of  AE,  as  the  sum  of  the  squares  of  the  semidiameter 
CD,  and  the  segment  CF,  between  the  centre  and  BF, 
is  to  the  rectangle  DE d.  This  is  demonstrated  from 
the  proposition,  and  from  the  28th  of  this  book. 

PROP.  XLII.)  THEOR. 

If  from  the  extremity  B  (fig.  24.)  of  a  second  diam¬ 
eter  CB,  a  straight  line  BF  be  drawn  parallel  to 
straight  lines  ordinateiy  applied  to  any  diameter 
D t/,  and  BH  be  drawn  parallel  to  the  diameter 
CA,  which  is  conjugate  to  CB,  and  meeting  the 
diameter  D d  in  H ;  the  semidiameter  CD  is  a 
mean  proportional  between  CF  and  CH. 

For  the  extremity  B  of  the  second  diameter  is  in  the 
adjacent  hyperbola,  and  CA  is  a  (1.  cor.  40.  3.)  second 
diameter  of  that  adjacent  hyperbola;  therefore  BH 
touches  the  same  (11.  def.)  and  therefore  CF,  CD,  CH 
are  (33.  3.)  proportionals. 

Cor.  The  35th  proposition  is  equally  true  when  ac¬ 
commodated  to  this  case. 
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PROP.  XLIII.^  THE  OR. 

If  from  the  extremities  of  two  conjugate  diameters  of 
an  hyperbola,  straight  lines  be  drawn  ordinately 
applied  to  any  third  transverse  diameter;  the  square 
of  the  segment  of  the  third  diameter,  intercepted 
between  the  centre  and  the  ordinate  drawn  from 
the  extremity  of  the  transverse  diameter,  is  equal 
to  the  square  of  the  segment  of  the  same  third  dia¬ 
meter  between  the  centre  and  the  ordinate  drawn 
from  the  extremity  of  the  other  of  the  conjugate 
diameters,  together  with  the  square  of  half  the 
third  diameter.  But  the  square  of  the  segment  of 
the  third  diameter,  intercepted  between  the  centre 
and  the  ordinate  drawn  from  the  extremity  of  the 
second  diameter,  is  equal  to  the  rectangle  contain¬ 
ed  by  the  segments  of  the  same  third  diameter, 
between  the  ordinate  drawn  from  the  extremity  of 
the  other  of  the  conjugate  diameters,  and  the  ver¬ 
tices  of  this  third  diameter. 

Let  there  be  opposite  hyperbolas  (fig%  24.)  in  which  C  A 
is  the  half  of  a  transverse  diameter,  and  let  CB  be  the 
second  diameter  conjugate  to  CA,  and  let  Dd  be  any 
other  transverse  diameter,  and  from  the  extremities  A, 
B  draw  AE,  BF  ordinately  applied  to  D d;  the  square  of 
EC  is  equal  to  the  square  of  FC  together  with  the  square 
of  CD  :  and  the  square  of  FC  is  equal  to  the  rectangle 
DE  d. 
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'  To  the  diameter  D d  draw  AG  parallel  to  BC,  and  BH 
parallel  to  AC  ;  therefore,  because  of  the  parallels,  the 
triangles  CAG,  HBC  are  equiangular ;  and  since  AE, 
BF  (31.  3.)  are  parallel,  CAE,  HBF  are  also  equiangu¬ 
lar  ;  consequently  CE  is  to  HF,  as  CA  to  BH,  that  is, 
as  CG  to  CH  :  and  since  CD  is  a  mean  proportional 
both  between  CE  and  CG,  and  between  CF  and  CH 
(33.  and  42.  3.)  CF  is  to  CE,  as  CG  to  CH  ;  and  there¬ 
fore  CF  is  to  CE,  as  CE  to  HF  ;  consequently  the  square 
of  CE  is  equal  to  the  rectangle  CFH  :  but  the  rectangle 
CFH  (cor.  42.  3.)  is  equal  to  the  sum  of  the  squares  of 
CF,  CD  ;  consequently  the  square  of  CE  is  equal  to 
the  sum  of  the  same  squares  of  CF,  CD:  take  the 
square  of  CD  from  each  of  these  equals,  and  there 
will  remain  the  rectangle  DE<^  equal  to  the  square  of 
CF. 

Cor.  Hence,  the  semidiameter  CD,  to  which  the  ordi¬ 
nates  are  drawn,  is  to  the  conjugate  semidiameter  CK, 
as  the  distance  between  the  one  ordinate  and  the  centre 
is  to  the  remaining  ordinate.  For  the  square  of  CD  is 
to  the  square  of  CK,  as  the  rectangle  DE d  is  to  the 
square  of  EA,  that  is,  according  to  the  proposition,  as 
the  square  of  CF  is  to  the  square  of  E  A ;  and  therefore 
CD  is  to  CK,  as  CF  to  EA.  Again,  because  the  square 
of  CD  is  to  the  square  of  CK,  as  the  sum  of  the  squares 
of  CF,  CD  to  the  square  of  BF  (41.  3.)  that  is,  by  the 
proposition,  as  the  square  of  CE  to  the  square  of  BF  | 
therefore  CD  is  to  CK,  as  CE  to  BF, 
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PROP.  XLIV.  THEOR. 

The  excess  of  the  squares  of  any  conjugate  semidia¬ 
meters  is  equal  to  the  excess  of  the  squares  of  the 
halves  of  the  axes,  if  the  conjugate  diameters  be 
unequal :  and  if  any  one  diameter  be  equal  to  its 
conjugate,  any  other  diameter  is  also  equal  to  its 
conjugate ;  and  in  this  case,  the  angle  contained 
by  the  asymptotes  is  a  right  angle. 

Let  C  A,  CB  be  conjugate  semidiameters  (fig.  24.)  and 

CD,  CK  the  halves  of  the  axes,  and  from  A,  B  draw  the 
straight  lines  AE,  AM  and  BF,  BL  ordinates  to  the 
axes.  Then  the  excess  of  the  squares  of  CA,  CB  is 
equal  to  the  excess,  by  which  the  sum  of  the  squares  of 

CE,  EA  differs  from  the  sum  of  the  squares  of  CL, 
LB  :  but,  by  the  preceding,  the  square  of  CE  is  equal 
to  the  sum  of  the  squares  of  CF,  CD ;  and  by  the  same 
proposition,  the  square  of  CL  is  equal  to  the  sum  of  the 
squares  of  CM,  CK  j  therefore  the  excess  ol  the  squares 
of  CA,  CB  is  equal  to  the  excess  by  which  the  sum  of 
the  three  squares  of  CF,  CD,  EA  differs  from  the  sum 
of  the  three  squares  of  CM,  CK,  LB  ;  and  the  squares 
of  CF,  LB  are  equal ;  as  also  the  squares  of  EA,  CM  : 
therefore,  if  these  equals  be  taken  away,  the  excess  by 
which  the  sum  of  the  three  first  squares  differs  from  the 
sum  of  the  other  three,  is  equal  to  the  excess  by  which 
the  square  of  CD  differs  from  the  square  of  CK  ;  and 
therefore  the  excess  of  the  squares  of  CA,  CB  is  equal 
to  this  same  excess. 
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Otherwise :  let  AB,  AC  (fig.  25.)  be  the  halves  of 
any  two  transverse  diameters  in  an  hyperbola,  AD,  AE 
the  asymptotes,  and  draw  the  straight  lines  BD,  CE 
touching  it  in  the  points  B,  C,  and  meeting  the  asymp¬ 
totes  in  D,  E  ;  therefore,  by  the  11th  def.  and  prop.  30. 
of  this  book,  BD  is  equal  to  half  the  second  diameter 
conjugate  to  AB  ;  and  CE,  in  like  manner,  is  equal  to 
half  the  second  diameter  conjugate  to  AC :  it  is  to  be 
proved,  that  the  excess  of  the  squares  of  AB,  BD  is 
equal  to  the  excess  of  the  squares  of  AC,  CE. 

Through  the  points  B,  C  draw  BF,  CH  parallel  to 
the  asymptotes,  and  BG,  CK  perpendicular  to  them : 
therefore  the  rectangles  AFB,  AHC  are  equal  (1.  cor. 
16.  3.)  and,  ol  consequence,  AF  is  to  AH,  as  HC  to 
FB,  that  is,  since  the  triangles  are  equiangular,  as  HK 
to  FG;  consequently  the  rectangles  AFG,  AHK  are 
equal,  and  their  quadruples  are  equal :  and  since,  through 
the  point  of  contact  B,  a  straight  line  BF  is  drawn  pa¬ 
rallel  to  the  asymptote,  DF,  FA  are  equal;  conse¬ 
quently  DG  is  equal  to  AF,  together  with  FG :  and 
hence  (8.  2.  Elem.)  four  times  the  rectangle  AFG  is 
equal  to  the  excess  of  the  squares  of  DG,  GA,  that  is, 
since  the  triangles  DGB,  AGB  are  right-angled,  to  the 
excess  of  the  squares  of  DB,  BA.  It  may  in  the  same 
manner  be  shown,  that  four  times  the  rectangle  AHK  is 
equal  to  the  excess  of  the  squares  of  EC,  C  A  ;  and  four 
times  the  rectangle  AFG,  as  hath  been  proved,  is  equal 
to  four  times  the  rectangle  AHK  ;  consequently  the  ex 
cess  of  the  squares  of  DB,  BA  is  equal  to  the  excess  of 
the  squares  of  EC,  CA. 

But  if  in  an  hyperbola  any  transverse  diameter  AB  is 
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equal  to  the  second  diameter  BD  conjugate  to  it,  any 
other  transverse  diameter  in  the  same  hyperbola  is  also 
equal  to  its  conjugate  second  diameter,  and  the  angle 
contained  by  the  asymptotes  is  a  right  angle  :  for  since 
DB,  BA,  and  DF,  FA  are  equal,  and  BF  common,  in 
the  triangles  DBF,  ABF ;  the  angle  BFD,  and  of  con¬ 
sequence  the  angle  EAD,  is  a  right  angle  :  and  because 
EAD  is  a  right  angle,  the  angle  CHE  is  also  a  right 
angle;  and  EH,  HA  are  equal,  and  CH  common; 
therefore  EC,  CA  are  equal. 

PROP.  XLV.  THEOR. 

If  through  the  vertices  of  two  conjugate  diameters, 
four  straight  lines  be  drawn  touching  conjugate 
hyperbolas ;  the  parallelogram  formed  by  them  is 
equal  to  that  formed  by  the  tangents  drawn 
through  the  vertices  of  any  other  two  conjugate 
diameters. 

Let  AB,  CD  (fig.  26.)  be  conjugate  diameters,  and 
through  their  vertices  draw  tangents,  meeting  each  other 
in  K,  L,  M,  N  ;  and  let  EF,  GH  be  any  other  con¬ 
jugate  diameters,  and  through  the  vertices  of  these  draw 
tangents,  meeting  each  other  in  O,  P,  Q,  R ;  the  figures 
KLMN,  OPQR  are  parallelograms,  and  equal  to  each 
other. 

Let  S  be  the  centre  of  the  hyperbola ;  and  since  both 
KN,  LM,  and  KL,  MN  are  (3.  cor.  23.  3.)  parallel, 
the  figure  KLMN  is  a  parallelogram.  For  a  like  reason, 
OPQR  is  a  parallelogram:  and  since  AK,  CK  touch 
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the  hyperbolas  in  the  vertices  of  conjugate  diameters, 
the  point  K  where  they  meet  is  in  an  asymptote.  In 
like  manner  it  may  be  shown,  that  the  rest  of  the  angles 
of  the  parallelograms  are  in  the  asymptotes ;  therefore 
the  asymptotes  are  the  diagonals  of  the  parallelograms  ; 
consequently  the  parallelogram  KLMN  is  the  quadruple 
of  the  triangle  KSN,  and  the  parallelogram  OPQR  the 
quadruple  of  the  triangle  OSR :  but  the  triangles  KSN, 
OSR  are  equal,  because  the  rectangles  KSN,  OSR  are 
equal  (25th  of  this  book,  and  15.  6.  Elem.)  therefore 
the  parallelograms  KLMN,  OPQR  are  also  equal. 
This  proposition  might  also  have  been  demonstrated  like 
prop.  20.  b.  2. 

PROP.  XLVI.  THEOR. 

If  two  conjugate  diameters  of  an  hyperbola  meet  a 
straight  line  touching  the  hyperbola,  the  rectangle 
contained  by  the  segment  of  the  tangent  intercept¬ 
ed  between  the  point  of  contact  and  the  conjugate 
diameters,  is  equal  to  the  square  of  the  semidiam¬ 
eter  conjugate  to  that  diameter  which  passes 
through  the  point  of  contact. 

Let  AC13,  DCE  (fig.  2 T.)  be  two  conjugate  diameters, 
and  let  a  straight  line  which  touches  the  hyperbola  in 
F  meet  them  in  the  points  G,  H,  and  let  CK  be  the  se¬ 
midiameter  conjugate  to  CF ;  the  rectangle  GFH  is 
equal  to  the  square  of  CK. 

From  the  points  F,  K  draw  to  AB  the  straight  lines 
FM,  KL  parallel  to  DE  :  then,  because  of  the  parallels, 
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GM  is  to  MC,  as  GF  to  FH;  consequently  the  red- 
tangles  GMC,  GFH  are  similar  :  and  because  the  trian¬ 
gles  GMF,  CLK  are  equiangular,  GM  is  to  GF,  as 
CL  to  CK  :  therefore  the  rectangles  GMC,  GFH,  and 
the  squares  of  CL,  CK,  which  are  four  similar  and  si¬ 
milarly  situated  rectilineal  figures,  described  upon  the 
four  proportional  straight  lines  GM,  GF,  CL,  CK  are 
likewise  proportionals:  but  the  rectangle  GMC  is  equal 
to  (35.  3.)  the  rectangle  A  MB,  that  is,  to  the  (43.  3.) 
square  of  CL  ;  therefore  the  rectangle  GFH  is  equal  to 
the  square  of  CK. 

PROP.  XL VII.  THEOR. 

If  from  a  point  of  an  hyperbola  a  straight  line  be 
drawn  ordinately  applied  to  a  transverse  diameter, 
the  rectangle  contained  by  the  segments  of  the 
diameter  intercepted  between  its  vertices  ana  the 
ordinate,  is  to  the  square  of  the  segment  of  the 
ordinate  intercepted  between  the  hyperbola  and 
the  diameter,  as  the  diameter  -  is  to  its  latus  rec¬ 
tum  :  but  if  a  straight  line  be  drawn  ordinately 
applied  to  the  second  diameter  of  the  transverse, 
the  sum  of  the  squares  of  half  the  second  diam¬ 
eter,  and  of  its  segment  between  the  ordinate  and 
the  centre,  is  to  the  square  of  the  ordinate,  as  the 
second  diameter  is  to  its  latus  rectum . 

Let  there  be  a  transverse  diameter  AB  (fig.  28.)  and 
DE  the  second  diameter  conjugate  to  it,  and  let  AH  be 
the  latus  rectum  of  AB,  and  from  the  point  F  in  the 
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hyperbola  draw  FG  ordinately  applied  to  AB;  the  reo 
tangle  AGB  is  to  the  square  of  FG,  as  AB  to  AH  :  but 
FK  being  drawn  ordinately  applied  to  DE  ;  the  sum  of 
the  squares  of  CD,  CK  is  to  the  square  of  FK,  as  DE 
to  its  latas  rectum,  L. 


Case  1.  Since  AB,  DE,  AH  are  proportionals  (def. 
12.)  AB  is  to  AH,  as  the  square  of  AB  to  the  square  of 
DE,  that  is  (28.  3.)  as  the  rectangle  AGB  to  the  square 


of  FG. 


) 


Case  2.  And  since  DE,  AB,  L  are  proportionals, 
DE  is  to  L,  as  the  square  of  DE  is  to  the  square  of  AB, 
that  is  (29.  3.)  as  the  sum  of  the  squares  of  CD,  CK  is 
fo  the  square  of  KF. 

PROP.  XLVIII.  THEOR, 


If  from  a  point  F  (fig.  28.)  in  an  hyperbola  a  straight, 
line  FG  be  ordinately  applied  to  a  transverse 
diameter  AB,  and  from  the  vertex  of  that  diam¬ 
eter  a  straight  line  AH  be  drawn  perpendicular  to 
AB,  and  equal  to  its  latus  rectum  ;  the  square  of 
the  ordinate  is  equal  to  the  rectangle  applied  to  the 
latus  rectum ,  having  for  its  breadth  the  abscissa 
between  the  ordinate  and  the  vertex,  but  exceed¬ 
ing  by  a  figure  similar,  and  similarly  situated,  to 
that  which  is  contained  by  the  diameter  and  the 
latus  rectum . 

Join  BH,  and  from  the  point  G  draw  GM  parallel  to 
AH,  and  meeting  BH  in  M,  and  through  the  point  M 
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draw  MN  parallel  to  AB,  and  meeting  AH  in  N ;  and 
complete  the  rectangles  MNHO,  BAHP. 

Then  because  the  rectangle  AGB  is  to  the  square  of 
FG,  as  AB  to  AH,  that  is,  as  GB  to  GM,  that  is,  as 
the  rectangle  AGB  to  the  rectangle  AGM ;  therefore 
AGB  is  to  the  square  of  GF,  as  the  same  AGB  to  the 
rectangle  AGM ;  consequently  the  square  of  GF  is 
equal  to  the  rectangle  AGM,  having  the  abscissa  AG 
for  its  breadth,  and  applied  to  the  latus  rectum  AH,  and 
exceeding  the  rectangle  HAGO  by  the  rectangle 
MNFIO,  similar  to  BAHP. 

From  the  square  of  the  ordinate  being  thus  equal  to 
the  exceeding  rectangle,  or  that  under  the  abscissa  and  a 
line  greater  than  the  latus  rectum ,  Apollonius  called  this 
curve  line  the  hyperbola . 

Cor.  It  is  evident,  that  the  square  of  GF  would  be 
equal  to  the  rectangle  AGM,  though  AH  were  not  at 
right  angles  to  AB. 

PROP.  XLIX.  PROB. 

A  straight  line  AB  (fig.  29.)  being  given  in  position 
and  magnitude,  and  a  point  F  being  given ;  to 
describe  an  hyperbola,  of  which  AB  may  be  the 
transverse  axis,  and  which  may  pass  through  the 
point  F ;  but  the  given  point  must  be  so  situated, 
that  a  perpendicular  drawn  from  it  towards  AB 
'may  fall  upon  AB  produced. 

Draw  FG  at  right  angles  to  AB,  and  find  a  straight 


BOOK  III. 


THE  HYPERBOLA. 


167 


line  DE  such,*  that  the  square  of  AB  may  be  to  that  of 
DE  as  the  rectangle  AGB  to  the  square  of  FG :  let  AB, 
DE  bisect  each  other  at  right  angles  ;  then,  with  AB, 
DE  as  axes,  and  making  AB  the  transverse  axis,  de¬ 
scribe  an  (37.  3.)  hyperbola  AF  ;  this  hyperbola  will 
pass  (2.  cor.  28.  3.)  through  the  point  F. 

PROP.  L.  PROB. 

A  straight  line  DE  (fig.  29.)  being  given  in  position 
and  magnitude,  and  a  point  F  being  given;  to 
describe  an  hyperbola,  of  which  DE  may  be  the 
second  axis,  and  which  may  pass  through  F. 

Bisect  DE  in  C,  and  draw  FH  perpendicular  to  DE, 
and  find  a  straight  line  AB  such,f  that  the  square  of 
DE  may  be  to  that  of  AB,  as  the  sum  of  the  squares  o 
CD,  CH  to  the  square  of  FH  ;  let  DE,  AB  bisect  each 
other  at  right  angles  :  then  with  the  axes  AB,  DE,  and 
making  AB  the  transverse  axis,  describe  (37.  3.)  an  hy¬ 
perbola  ;  this  hyperbola  will  pass  through  the  point  F 
(2.  cor.  29.  3.) 

*  See  note  prop.  25.  B.  II. 

f  Find$  straight  line  X  such,  that  its  square  may  be  equal  to  the 
sum  of  the  squares  of  CD,  CH  (47. 1.  Elem.)  and  to  the  three  straight 
lines  X,  FH  and  DE  find  (12.  6.  Elem.)  a  fourth  proportional,  which 
will  be  the  transverse  axis  AB.  For  (22.  6.  Elem  )  the  square  of  X, 
that  is,  the  sum  of  the  squares  of  CD,  CH  is  to  the  square  of  FH,  as 
the  square  of  DE  to  the  square  of  AB, 
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PROP.  LI.  THE  OR. 

Of  all  the  transverse  diameters  in  an  hyperbola,  the 
transverse  axis  is  the  least ;  and  the  angle  contain¬ 
ed  by  any  other  transverse  diameter,  and  a  tan¬ 
gent  drawn  through  its  vertex,  is  less  than  a  right 
angle* 

Let  there  be  an  hyperbola  (fig.  29.)  CA  the  half  of 
its  transverse  axis,  and  CF  the  half  of  any  other  trans¬ 
verse  diameter;  from  F,  the  vertex  of  CF,  draw  FG 
perpendicular  to  the  axis  CA  ;  therefore  CF  is  greater 
than  CG;  and  consequently  much  greater  than  CA  : 
draw  a  straight  line  touching  the  hyperbola  in  the  point 
F,  and  meeting  the  axis  CA  in  K  ;  and  since  the  angle 
CFG  is  acute,  CFK  must  be  still  more  acute. 

PROP.  LII.  PROB. 

Of  an  hyperbola  AF  (fig.  29.)  given  in  position,  to 
find  a  diameter,  the  centre,  the  axes,  the  asymp¬ 
totes,  and  the  foci. 

Draw  two  parallel  straight  lines,  and  let  them  be 
terminated  both  ways  by  the  hyperbola ;  and  the  straight 
line  which  bisects  them  is  a  (3.  cor.  31.  3.)  diameter; 
and  any  other  diameter  may  be  found  in  the  same  man¬ 
ner  ;  and  the  point  where  two  diameters  thus  found 
meet  each  other,  is  the  (4.  def.  3.)  centre.  But  if  two 
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opposite  hyperbolas  be  given  in  position,  the  point  which 
bisects  the  diameter  first  found  is  the  centre. 

Take  in  the  hyperbola  any  point  F,  and  from  the  cen- 
tre  C  draw  CF,  and  with  the  centre  C,  and  distance  CF, 
describe  a  circle  ;  if  this  circle  meet  the  hyperbola  no 
where  but  in  the  point  F,  CF  is  the  least  of  the  transverse 
diameters,  and  is,  consequently,  the  transverse  axis  :  but 
if  the  circle  meet  the  hyperbola  again  in  another  point  L, 
join  FL,  and  let  it  be  bisected  in  the  point  G  ;  join  also 
CG,  and  let  it  meet  the  hyperbola  in  A  j  CA  is  half  the 
transverse  axis :  for  since  FG,  GL  are  equal,  FL  is  or- 
dinately  applied  to  the  diameter  CG  ;  and  consequently 
a  straight  line  which  is  drawn  through  the  vertex  A  pa¬ 
rallel  to  FL  touches  the  hyperbola  (32.  3.)  and  the  angle 
contained  by  this  tangent,  and  the  diameter  CA,  is  a 
right  angle  ;  for  the  angle  FGA  is  a  right  angle  ;  there¬ 
fore,  by  the  preceding  proposition,  CA  is  the  transverse 
a^is. 

Next,  in  order  to  find  the  second  axis,  draw  through 
the  centre  C  a  straight  line  at  right  angles  to  CA,  and  in 
that  straight  line  take  CD,  and  let  the  square  of  CA  have 
the  same  ratio  to  the  square  of  CD,  which  the  rectangle 
EGA  has  (CB  being  made  equal  to  C  A)  to  the  square  of 
GF  ;  then  CD  will  be  the  second  axis,  as  is  evident  from 
prop.  7.  of  this  book. 

Lastly,  having  found  the  axes,  find  the  asymptotes 
from  def.  10. 

But  if  two  opposite  hyperbolas  be  given  in  position,  the 
asymptotes  may  be  found  more  easily  in  this  manner. 
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Draw  through  the  centre  C  any  transverse  diameter  AB  ; 
draw  likewise  a  straight  line  parallel  to  AB,  and  termi¬ 
nated  in  the  hyperbolas  in  the  points  O,  P  ;  and  to  the 
straight  line  OP  apply,  on  both  sides,  a  rectangle  equal  to 
the  square  of  CA,  and  deficient  by  a  square  ;  which  is 
possible,  since  C  A  is  less  than  the  half  of  OP  (4.  cor. 
15.  3.)  and  let  Q,  R  be  the  points  of  application  ;  CQ, 
CR,  when  joined,  will  be  the  asymptotes  (3.  cor.  15.  3.) 
The  foci  are  found  as  in  prop.  37. 

PROP.  LIII.  PROB. 


The  asymptotes  of  an  hyperbola  being  given  in 
position,  and  a  point  in  it  being  given;  to  find 
the  axes  of  the  hyperbola,  and  to  describe  it. 

Let  AC,  BC  (fig.  30.)  be  the  asymptotes  given  in  po¬ 
sition,  and  D  be  the  given  point.  Suppose  the  problem 
solved,  to  wit,  let  FCE,  GCH  be  the  axes,  the  former  of 
which,  as  it  is  within  the  angle  ACB,  in  which  the  point 
D  is,  must  be  the  transverse  axis.  Draw  through  E  a 
straight  line  parallel  to  GH,  and  let  this  parallel  meet 
the  asymptotes  in  the  points  K,  L ;  consequently  KL  is 
equal  (10.  def.  3.)  to  GH,  and  is  bisected  in  E  :  and  since 
in  the  triangles  KEC,  LEC  the  bases  KE,  EL  are  equal, 
and  the  angles  at  E  right  angles ;  the  angles  ECK,  ECL 
are  equal :  but  the  angle  KCL  is  given  ;  consequently  its 
half  KCE  is  given :  and  KC,  and  the  point  C,  are  given 
in  position ;  consequently  CE  is  given  (29.  dat.)  in  posi¬ 
tion  :  through  the  given  point  D  let  DMN  be  drawn  pa- 
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rallel  to  CE,  and  let  it  meet  the  asymptotes  in  M,  N  ; 
DN  is  therefore  given  in  (28.  dat.)  position,  and  the 
points  M,  N  (25.  dat.)  are  given;  therefore  DM,  DN 

7  'v 

are  given  in  magnitude  (26.  dat*)  the  rectangle  MDN  is 
consequently  given  in  magnitude  :  but  the  square  of 
CE  is  equal  to  this  rectangle  (1.  cor.  15.  3.)  therefore  the 
square  of  CE  is  given  in  magnitude;  and  consequently 
CE  is  given  (55.  dat.)  in  magnitude  ;  but,  as  hath  been 
proved,  it  is  also  given  in  position  ;  therefore  the  point  E 
and  the  straight  line  KEL,  are  (27.  29.  dat.)  given  in 
position;  and  consequently  KEL  is  given  in  magnitude, 
because  C  A,  CB  are  given  in  position  :  now  GH  is  paral¬ 
lel  and  equal  to  KL  ;  consequently  GH  is  given  in  mag¬ 
nitude  ;  but  it  is  also  given  in  position,  because  C  is 
given,  which  bisects  it ;  therefore  the  axes  EF,  GH 
are  given  in  position  and  magnitude  :  and  therefore  the 
hyperbola  may  be  described  by  prop.  37.  of  this  book. 

The  composition  is  as  follows:  Let  the  angle  ACB 
be  bisected  by  the  straight  line  CE  ;  and  having  drawn 
DMN  parallel  to  CE,  make  the  squares  of  CE,  CF 
each  of  them  equal  to  the  rectangle  MDN ;  and  through 
E  draw  KEL  perpendicular  to  CE,  and  meeting  the 
straight  lines  AC,  CB  in  the  points  K,  L;  and  through 
C  let  GCH  be  drawn  equal  and  parallel  to  KEL,  so 
that  it  may  be  bisected  in  C  :  then,  with  the  axes  EF, 
GH,  and  making  EF  the  transverse  axis,  describe  an 
hyperbola;  AC,  BC  will  be  its  asymptotes,  and  it  will 
pass  through  the  point  D.  For  since,  by  con¬ 
struction,  KEL  is  equal  and  parallel  to  the  second 
axis  GH,  and  is  bisected  in  E;  therefore  CK,  CL  are 
(def.  10.  3.)  the  asymptotes,  and  the  rectangle  MDN  is 
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equal  to  the  square  of  CE  ;  consequently  the  point  D  is 
in  the  hyperbola  (cor.  20.  3.) 

And  the  asymptotes  AC,  BC  being  given,  and  a 
point  D  of  an  hyperbola,  as  many  points  of  that  hyper¬ 
bola,  or  of  the  opposite  hyperbola,  as  may  be  thought 
necessary,  may  be  found,  by  drawing  through  D  any 
number  of  straight  lines  ADB,  Dab,  meeting  the  asymp¬ 
totes  in  A,  B,  and  a ,  b ;  and  taking  BO,  bo  equal  to 

AD,  aD ,  in  such  a  manner,  that  the  two  points  D,  O, 
and  the  two  D,  o,  may  be  either  both  within  or  both 
without  the  points  A,  B,  and  a,  b :  for  then  the  points 

O,  o  will  be  (19.  3.)  in  the  hyperbolas. 

PROP.  LIV.  PROB. 

Two  straight  lines  ACB,  DCF.  (fig.  31.)  which 
bisect  each  other  in  C,  being  given  in  position 
and  magnitude  ;  to  describe  two  opposite  hyper¬ 
bolas,  which  may  hare  AB  for  a  transverse  diam¬ 
eter,  and  DE  for  the  second  diameter  conjugate  to 
AB. 

Suppose  what  is  required  done,  and  let  CF,  CG  be 
the  asymptotes  ;  through  A,  the  vertex  of  the  trans¬ 
verse  diameter,  draw  a  straight  line  parallel  t©  DE,  and 
let  it  meet  the  asymptotes  in  F,  G ;  therefore  FG  is 
(11.  def.  3.)  equal  to  DE,  and  is  bisected  in  A  :  but  DE 
is  given  in  magnitude;  therefore  FG  is  given  in  mag¬ 
nitude  ;  and  of  consequence  its  half  AF  is  also  given  in 
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magnitude :  but  AF  is  given  (28.  dat.)  in  position, 
since  it  is  drawn  through  a  given  point  A  parallel  to  DE 
given  in  position  ;  consequently  the  point  F  is  (27.  dat.) 
given :  in  like  manner  the  point  G  is  given  ;  and  the 
point  C  is  given;  therefore  the  asymptotes  CF,  CG  are 
given  in  position,  and  the  point  A  is  given  in  the  hyper¬ 
bola:  and  therefore  the  hyperbola  may  be  described,  by 
the  preceding  proposition. 

The  composition  is  as  follows  :  Through  the  vertex 
A  of  the  transverse  diameter,  draw  a  straight  line  FAG 
equal  and  parallel  to  the  second  diameter  DE,  and  so 
that  it  may  be  bisected  in  A ;  join  CF,  CG,  and  by  the 
preceding  prop,  describe  an  hyperbola  which  may  have 
for  its  asymptotes  the  straight  lines  CF,  CG,  and  which 
may  pass  through  the  point  A :  and,  in  the  same  man¬ 
ner,  by  employing  the  point  B,  describe  the  opposite 
hyperbola ;  AB  will  be  a  transverse  diameter  in  these 
hyperbolas,  and  DE  the  second  diameter  conjugate 
to  it. 

For  since  CF,  CG  are  the  asymptotes  of  the  hyper¬ 
bolas,  and  that  through  the  point  A,  in  the  one  of  the 
hyperbolas,  there  is  drawn  a  straight  line  FAG,  which 
is  bisected  in  A ;  FG  touches  (23.3.)  the  hyperbola  in 
A:  and  DE  is  equal  and  parallel  to  FG,  and  is  bisect¬ 
ed  in  the  centre  C ;  therefore  DE  is  the  second,  or  con¬ 
jugate  diameter  (11.  def.  and  30.  3.)  to  the  transverse 
AB. 
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PROP.  LV.  PROB. 

The  diameter  of  an  hyperbola  being  given  in  po¬ 
sition  and  magnitude,  and  a  straight  line  which  is 
ordinately  applied  to  that  diameter  from  a  given 
point  of  the  hyperbola  being  also  given  in  position ; 
to  describe  the  hyperbola. 

Case  1.  When  the  given  diameter  is  a  transverse 
diameter  of  the  hyperbola. 

Let  AB  (fig.  31.)  be  the  given  transverse  diameter, 
to  which  a  straight  line  HK,  given  in  position,  is  ordi¬ 
nately  applied  from  a  given  point  H  of  the  hyperbola ; 
and  let  AB  be  bisected  in  C,  and  through  C  draw  a 
straight  line  parallel  to  HK  ;  and  in  that  straight  line 
take  CD  and  CE  equal  to  each  other,  so  that  the  rec¬ 
tangle  AKB  may  be  to  the  square  of  HK,  as  the  square 
of  AC  to  the  square  of  CD,  or  CE  ;  and,  by  the  pre¬ 
ceding  proposition,  describe  two  opposite  hyperbolas, 
of  which  AB  may  be  a  transverse  diameter,  and  DE 
the  second  diameter  conjugate  to  AB ;  one  of  these  hy¬ 
perbolas  will  pass  through  the  point  H  (2.  cor.  28.  of 
this  book.) 

Case  2.  When  the  given  diameter  is  a  second  diam¬ 
eter. 

Let  DE  be  the  given  second  diameter,  to  which  HL 
given  in  position,  and  drawn  from  H,  a  given  point  in 


BOOK  III. 


THE  HYPERBOLA. 


175 


the  hyperbola,  is  ordinately  applied  i  and  let  DE  be 
bisected  in  C,  and  through  C  draw  a  straight  line  paral¬ 
lel  to  HL,  and  in  that  straight  line  take  CA  and  CB 
equal  to  each  other,  so  that  the  sum  of  the  squares  of 
LC,  DC  may  be  to  the  square  of  HL,  as  the  square  of 
DC  to  the  square  of  AC,  or  CB  ;  and,  by  the  preceding 
proposition,  describe  two  opposite  hyperbolas,  having 
AB  for  a  transverse  diameter,  and  CD  for  the  second 
diameter  conjugate  to  AB  :  of  these  hyperbolas,  the 
one  which  lies  on  the  same  side  of  DE  with  the  point 
H,  will  pass  through  the  point  H  (2.  cor.  29.  3.) 

"  v;  '  ;  1  / 

PROP.  LVI.  THEOR. 

If  a  cone  cut  by  a  plane  through  the  axis,  be  cut 
likewise  by  a  second  plane,  meeting  its  base  in 
the  direction  of  a  straight  line  perpendicular  to  the 
base  of  the  triangle  through  the  axis ;  and  if  the 
common  section  of  the  triangle  through  the  axis, 
and  the  second  plane,  meet  one  of  the  sides  of  the 
triangle  through  the  axis  on  the  other  side  of  the 
vertex  of  the  cone ;  the  line  which  is  the  common 
section  of  the  second  plane,  and  the  conical  sur¬ 
face,  is  an  hyperbola,  having  for  a  transverse 
diameter  the  common  section  of  the  triangle 
through  the  axis  and  the  second  plane. 

'  ■  .•  ■» 

Let  there  be  a  cone  (fig.  32.)  its  vertex  the  point  A, 
and  base  the  circle  BC  ;  let  it  be  cut  by  a  plane  through 
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the  axis,  and  let  the  triangle  ABC  be  the  section  ;  let  it 
be  cut  also  by  another  plane,  meeting  its  base  in  the  di¬ 
rection  of  the  straight  line  DE  perpendicular  to  BC,  the 
base  of  the  triangle  ABC ;  and  let  the  section  made  in 
the  surface  of  the  cone  be  the  line  DFE  :  and  let  the 
straight  line  FG,  the  common  section  of  the  triangle 
through  the  axis,  and  the  second  plane,  be  produced, 
and  meet  one  of  the  sides  CA,  of  the  triangle  through 
the  axis,  in  the  point  H,  on  the  other  side  of  the  vertex 
A  ;  the  line  DFE  is  an  hyperbola,  which  has  FG  for 
one  of  its  transverse  diameters. 

For  in  the  section  DFE  take  any  point  K,  and 
through  K  to  FG  draw  KL  parallel  to  DE,  and  through 
L  draw  MN  parallel  to  BC  ;  the  plane,  therefore,  which 
passes  through  KL,  MN  is  (15.  11.  Elem.)  parallel  to 
the  plane  through  DE,  BC,  that  is,  to  the  base  of  the 
cone  ;  and  therefore  the  (23.  1.)  plane  through  KL, 
MN  is  a  circle,  of  which  MN  is  a  diameter:  but  KL 
is  (lO.  11.  Eiem.)  perpendicular  to  MN,  because  DE 
is  perpendicular  to  BC  ;  therefore  the  rectangle  MLN 
is  (35.  3.  Elem.)  equal  to  the  square  of  KL  :  and  in 
like  manner,  the  rectangle  BGC  is  equal  to  the  square 
of  DG;  the  square  of  DG  is  therefore  to  the  square  of 
KL,  as  the  rectangle  BGC  to  the  rectangle  MLN : 
but  BG  is  to  ML,  as  FG  to  FL;  and  GC  is  to  LN, 
as  GH  to  LH ;  therefore  the  ratios  compounded  of 
these  equal  ratios  are  equal  to  one  another ;  and  there¬ 
fore  the  rectangle  BGC  is  to  (23.  6.  Elem.)  the  rectan¬ 
gle  MLN,  as  the  rectangle  FGH  to  the  rectangle 
FLH :  hence,  in  like  manner,  the  square  of  DG  is  to 
the  square  of  KL,  as  the  rectangle  FGH  to  the  rectangle 
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FLH.  Describe,  therefore,  an  hyperbola  (55.  3)  of 
which  FH  may  be  a  transverse  diameter,  and  in  which 
DG  may  be  ordinately  applied  to  FH  :  and  because,  by 
construction,  the  point  D  is  in  this  hyperbola,  the  point 
K  is  likewise  in  it  (3.  cor.  28.  3.)  And  the  same  thing 
may  be  proved  with  regard  to  all  the  points  of  the  section 
DEF. 


THE  END. 
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